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We show that some impassioned van Gogh paintings display scaling properties similar to the
observed in turbulent fluids, suggesting that these paintings reflect the fingerprint of turbulence with
such a realism that is even consistent with the way that a mathematical model characterizes this
phenomenon. Specifically, we show that the probability distribution function (PDF) of luminance
fluctuations of points (pixels) separated by a distance R is consistent with the Kolmogorov scaling
theory in turbulent fluids. We also show that the most turbulent paintings of van Gogh coincide
with periods of prolonged psychotic agitation of this artist.

PACS numbers: 47.27.Jv,01.50.fh,42.68.Bz

Everything in the last period of Vincent van Gogh paintings  \We show that some impassioned van Gogh paintings display scaling properties similar to the

transmit his own feelings about a figure or a landscape. It has

Starry Night, vividly transmits the sense of turbulence and wa Observed in turbulent fluids, suggesting that these paintings reflect the fingerprint of turbulence with

NASA/ESA Hubble Space Telescope, where eddies probably cav

is the purpose of this paper to show that some impassioned van  SUCH. & realism that is even consistent with the way that a mathematical model characterizes this
peychotic agitation of this artist, reflect the fingerprint of turbu - hhengmenon. Specifically, we show that the probability distribution function (PDF) of luminance

the Kolmogorov scaling theory in turbulent fluids. Specifically

(PDF) of luminance fluctuations (du) of points (pixels) separate  fluctuations of points (pixels) separated by a distance R is consistent with the Kolmogorov scaling

Gogh paintings, is the same as the PDF of the velocity differenc

in a turbulent flow as predicted by the statistical theory of Ko theory in turbulent fluids. We also show that the most turbulent paintings of van Gogh coincide

behavior is observed in a field far different from fluid mechanics;

of the foreign exchange markets time serics [2]. with periods of prolonged psychotic agitation of this artist.

We mainly study van Gogh’s Starry Night (June 1889), wh
Also, as samples of another turbulent pictures, we analyze Road with Cypress and Star (May 1890) and Wheat Field
with Crows (July 1890, just before van Gogh shot himself). By considering the analogy with the Kolmogorov scaling
theory, from our results we can conclude that Vincent van Gogh was capable of capturing the fingerprint of turbulence.
Our results also reinforce the idea that scientific objectivity may help to determine the fundamental content of artistic
paintings, as was already done with Jackson Pollock’s fractal paintings (3, 4]. Along this same ideas, it also worthy
to mention that another notable ability of van Gogh was recently remarked with an experiment with bumblebees
that had never seen natural flowers; insects were more attracted by van Gogh’s Sunflowers than by other paintings
containing fowers [5]. From this observation, Chittka and Walker suggest that van Gogh’s flower paintings have
captured the essence of floral features from a bee’s point of view.

The statistical model of Kolmogorov [6, 7] is a foundation for modern turbulence theory. The main idea is that at
very large Reynolds numbers, between the large scale of energy input (L) and the dissipation scale (n), at which viscous
frictions become dominant, there is a myriad of small scales where turbulence displays universal properties independent
of initial and boundary conditions. In particular, in the inertial range Kolmogorov predicts a famous scaling property
of the second order structure function, S2(R) = ((dv)?), where §v = ((v(r + R) — v(r))?) is the velocity increment
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Awq)opag uaw&v HNOKPOOKOTIKOWV KUl ¢
OLUPOPIKOV EELCMCEMYV PONS
MAKPOXZKONIKEXZ EZI2ZQ2EIX AIAOOPIKEZ EZIZQZEIX
1. Ekppalouv Toug vououg diampnons 1. Ekgpadouv Toug vOuoug TNG
TNG MACAG, OPUNG KAl EVEPYEIOG VIO pia  d1aTAPNONG HACaG, OPUNG Kal
TTEPIOXN TOU XWPOU. EVEPYEIOG O€ £VA ONMEIO TOU XWPOoU.

2. MNeprypd@ouv yevika 1o Tedio ponic 2. lNepiypad@ouv avaAuTIKa 1o TTEdIO
Kal evOIOQEPOUV TOUG OOXOAOUMEVOUG  PONG Kal EVOIAPEPOUYV TOUG

ME TTPAKTIKA TTPOBARUATA PONG QO XOAOUNEVOUG UE TN BEWpPNTIKN
PEUCTWV. MEAETN TNG PONG PEUCTWV.

3. E@apuolovrtal oe OYKOug 3. E@apuolovral og Oykoug
TTETTEPACMEVOU EYEBOUC Kal divouv ATTEIPOOTOU PEYEBOUC Kal divouv
MEOEC TIMEC TWV HEYEOWV. QKPIPEIC TIMEC TWV PETARANTWV.
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AL0QOPES NETUED HOKPOGKOTIKMV Kol
OLUPOPIKOV EELCMCEMYV PONS

MAKPOZKOMIKEZ EZIZQZEI2 AIAQ®OPIKEZ EZIZQZEIZ

1. Ekppalouv Toug vououg diampnons 1. Ekgpadouv Toug vOuoug TNG

TNG MACOG, OPUNG KaI EVEPYEING VIO Wid  dlaTthpNoNg HAdag, OpUNG Kal
TTEPIOX TOU XWPEOU. EVEPYEIOG OE VO ONUEIO TOU XWPOU.
2. MNeprypd@ouv yevika 1o Tedio ponic 2. lNepiypad@ouv avaAuTIKa 1o TTEdIO
Kal evOIOQEPOUV TOUG OOXOAOUMEVOUG  PONG Kal EVOIAPEPOUYV TOUG

ME TTPAKTIKA TTPOBARUATA PONG QOXOAOUNEVOUG UE TN BEWPNTIKNA
PEUCTWV. MEAETN TNG PONG PEUCTWV.

3. Epappdlovral o€ OykKoug 3. Epapuolovral o€ OYKOUg
TMEMEPAOTUEVOU PEVEBOUG KOl Divouv  QTTEIPOOTOU PEYEBOUG Kal divouv
MECEC TIMES TWV MEYEBWV. aKPIBEIC TINEC TWV PETABANTWV.
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Opwopot oot

I1<oto :

Ileoio pong :

AMO-MMNA

YVYKEKPILEVT] TEPLOYT] TOL YOPOL, o€ KAOe onueio g omolog KéOe
QLo1KO péEyeDog €xel Lo optouévn Tiun (otabepn N petafAntm).

‘Eoto puowd péyeboc A [1 10 medio tov A elvar pioe Guvaptnomn g

wopeng A(x,y,z,t)
BaBpoté Iedio m.y. to nedio g nukvomrag p = p (x,y,z,t)(£Tpo)

ALOVOGROTIKO TEOLO_T.Y. TO TESIO TNG TAYVTNTOC
U=U(x,y,zt,)(%£tpo,d /von,opd)

O yopoc¢ péoa otov omoio Kiveital Eva pevoto. Eivan kabopiopévo dtav
divovtor ot TIéC TV peTafPAnTav Tov (Tukvotnta, ToyvTnTo) 6€ KA
oNuUeELo TOV Ko o€ KAOE oTiyun.
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H Tpoyua - Pathline sivou n
TPOLYLLOTIKT] O OPOUN TTOV
aKOAOVOEL Eva couaTIOioL
PEVGTOV GE UL GUYKEKPIULEVN
YPOVIKY| TEPL0OO.

Tow pe ™ otavuopa HEong tov

LLOPIiOL TOV PELGTOV.

(xpa”ﬁde (t) > yparticle (t) s Zparticle (t))
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I'pappnq Pong - Streamline 314

Point (x + dx, y + dy) %
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H I'pappn pong — Streamline givon pio
KOUTOAN o€ KAOe onueio epomTOUEVT LE TO
OTUY U0 TOTTIKO OLAVUGLLOL TAYVTITOC.

H toun dvo tpoyimv eival epiktn oAl TOTE
VO YPOLUDV PONG.

H tpoy1d agpopd Eva, LepOVOUEVO COUATION0

PELGTOV, EVM M YPAULUY POTNG OEIYVEL TIC
OLeLOVVGEIC TOAADY GOUOTIOIMV.
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I'pappn Aedgvong 1 Ivoong gAépa- Streakline

e I'pouur mov onpovpyeitor awd Eva peELGTO
OV PN VEL tyvn OTwg elvar pio fogn Tov
EKYVETAL CVLVEYMDC OE Eval TEDI0 poN¢ o€
KOO0 G LELO TOV.

e [voong eAEPa N ypapuur 601€hevong eivat o
TOTOG TV COUOTIOIMV PELGTOV TOVL £YOVV
TEPAGEL O1000YIKA amd Eva onueio ¢ porc.

e Euoeavng o mepapata : Pagn ce por vepov
N KamvOg 6€ por aEPa.

e Poikdég coivag: Kdébe kheiot) empdaveln
oV oynuatiletot and Eva dmelpo aplOnd
POTKMV YPOLLUOV.
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Streamlines - Streaklines eoes
[poppn pong - Ipappt diékevong oos

 Hypauun pong divel Tn oTIyMIQia EIKOVA VO CWHATIOIOU OE HIa Por PEUCTOU

 Hypappun diEAguong divel TNV Kivnon cwpaTi®iou O€ PIa CUYKEKPIPEVN XPOVIKN
TTEPiodo

* 2Tn_oTaf0epn pon PEVUCTOU OI YPAUMES PONG (streamline), ypauuég diEAeuong
(streaklines) kai TpoxI€¢ (pathlines) cupTTiTITOUV PHETACU TOUG.

NASCAR surface pressure Airplane surface pressure
contours and streamlines contours, and streamlines

AMNO-MMA Mnxavikf Peuotwv 12



2VYKPLOELS oo

e [ otabepn) pon), TpoyLd, Yo PONG Kot VOGS GAEPA Etval 101G

e [ un otabepn) pon umopet va eivor TOAD SLPOPETIKEC.

o O ypoappéc pong (streamlines) tval pa otrypiaio gotoypoagio Tov me0iov
pong

o Ot tpoyiéc (pathlines) ko n vaonc eAEPa (streaklines) eivon n popen ko To
YVAPL TNG POTIC CLVOEOEUEVA LIE TT) YPOVIKT) TOVG 1GTOPIN,

o ['papun oErevonc 1 lvioong eAEPa: otrypaia amekovion Hac pong
oAoKANpOUEVIC Ypovikd (Instantaneous snapshot of a time-integrated flow
pattern)

o Tpoyid: ektebeévn 6to YPOVO O10L0POUT POTIC EVOC LELOVMOUEVOD GMOUOTIO0N

AMO-MMA Mnxavikf Peuotwv 13



2 uéOOSOl o000

2 uéQooot yia Ty mEPLYPAP) TOL TEAIOV PONGS :

M£0odoc Lagrance : O mopotnpntng mopoakorlovdet tnv kivnom evog GUYKEKPLUEVOL
oTOlYELOV TOV PELGTOV KAOMC VTO KIvEiTOL GTO TEGIO POT|C.

Mé£0060¢ Euler : O mopaTnPNTNG KOTOYPAPEL TIG 1O1OTNTEC TOL PEVGTOV GE IO
GUYKEKPIUEVT] CTOLYELDON TEPLOYN TOL YMDPOV, KOODS TO PELGTO
OEPYETOL OO QLTNV.

Joseph Lagrange (1736-  Leonhard Euler (1707-
ANO-MMNA 1813) 14

1783)



[Mpooceyyioceic AvaAuong sess

e Lagrangian (Trpoocyylion oucTAPATOC)
Meplypagel pia opiopévn Lala (Béon, TaxUTNTa,
EMITAXUVON, TTiEON, BEPUOKPTia, KATT.) WG ouvapTnon
TOU XpOVou
[TapakoAouBei Tn B€on evOC NETAKIVOUNEVOU TTOUAIOU

e Eulerian

[Meprypdgel 10 TEOLO poN¢ (6€on, TaxutnTa,
ETMTAXUVON, TTiEON, BEPUOKPOIA, KATT.) WG ouvaApPTNON
NG B€0NC Kal ToUu XpOvou
MeTPQ TO TTOUAIG TTOU TTEPVOUV ATTO MIO OUYKEKPIMEVN
BEon

Av peietovoote vepo mov pEet péco o€ Evay aywyd moto

npocéyyion Ba viobetovoore? Eulerian

AMO-MMA Mnxavikf Peuotwv
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M¢¢0ooog Lagrange e

IIMpe 10 Ovoud g amd tov Itadd pabnuoatiko Joseph Louis Lagrange (173 6-
1813).

H meprypaen) tov mediov pong pe ) uébodo Lagrange maparkolovbei tn 0€om
KOl T1 TOYVTNTO LEUOVOUEVOV COUOTIOIDV.

Booileton otig e€lomoelg kivinong tov Newton.

AVGYPNGTN YL TPOKTIKY] AVAALGT) POTIC.

e Toa pevotd amoteAovvTaLl OO droeKoTOUUDPIO. LOPLA.

e H aAinienidopaon petad tov popimv eivar 00GKOAO Vo TEPLYPAPEL 1) val
uovteAomonei.

Qo10060, £ival ypNoUN Yo EEEIOIKEVULEVES EQOPULOYEC
o Xmpél, GOUATIOW, OVVOLIKT] GLGUAO®VY, apatd aEPTO.
o 2vlevyuévec uébodor Euler-Lagrange.

AMO-MMA Mnxavikf Peuotwv 16



M<£0oo0o¢ Euler

e Ileprypagrn) tov mediov pong pe ™ pnebodo Euler:
uia teproym pons (flow domain) 1 évag 0ykog eA&yyov(control
volume) opiletot amd T0 OO0 PEVGTO EIGEPYETAL KO ECEPYETOL.

e Opilovtor o1 peTafAnNTéS TEHIOV GLVAPTNGEL TOL YDOPOL KOl TOV YPOVOL.
Pressure field, P=P(x,y,z,t)
Velocity field, V=V(x,0,2.0) V=u(xy.2.t)i +v(x,3.2.t) ] +w(x,y.2.t)k
Acceleration field, a=a(x,y,2,t) a=a,(xyz0)i +a,(xy.2,t) ] +a.(x,.21)k

AvTég (ko aAAeg) netaPAantéc mediov opilovv 10 meoto pong (flow field)

e IIMpe 10 6voud ¢ and tov EABetod nadnuatucoé Leonhard Euler (1707-1783).

AMO-MMA Mnxavikf Peuotwv 17



2OYKpLon TOV 2 ngdoomv

(BA. ITivakag 4.1)

Feature

Basic idea
Solid mechanics (application)

Fluid mechanics (application)

Independent variables

Mathematical complexity

Field concept

Types of systems used

AMNOG-MMA

Lagrangian Approach
Observe or describe the motion of matter of

fixed identity.
Used in dynamics.

Fluid mechanics uses many Eulerian ideas
(e.g., fluid particle, streakline, acceleration
of a fluid particle). Equations in fluid
mechanics are often derived from an
Lagrangian viewpoint.

Initial position (xy, ¥, 2o) and time (7).

Simpler.

Not used in the Lagrangian approach.

Closed systems, particles, rigid bodies,
system of particles.

Mnxavikf Peuotwv

Eulerian Approach

Observe or describe the motion of matter at
spatial locations.

Used in elasticity. Can be used to model the
flow of materials.

Nearly all mathematical equations in fluid
mechanics are written using the Eulerian
approach.

Spatial location (x, y, z) and time (t).
More complex; for example, partial derivatives
and nonlinear terms appear.

The field is an Eulerian concept. When fields
are used, the mathematics often includes the
divergence, gradient, and curl.

Control volumes.

18



n.y. Illeoto Toyvtnrog: Eulerian and Lagrangian Sooe
eo0o
Y
Lagrangian: akolov0ei pepOVOUEVE GOUOTIO PEVGTOD TOL KIVOUVTOL KO o
Kabopilel 10 g aALALOVV O1 1O1OTNTEC TOV PELGTOV TOV GUYKEKPLUEVOD
COUATIOI0V MC GLVAPTIGT TOL YPOVOV.

Eulerian: n xivnom tov pgvotov opiletal ue tn TANPT TEPTYPOPT] TOV OTOPOUITNTOV
1010TNTOV PELGTOV M GLVAPTIGT TOL YOPOL Kol ToL YPOvov. TTAnpopopisg yia
pon mapatnpovtog Tt cvuPaivel oe otabepd onueia.

If we have enough information, we

Measurement of Temperature can obtain Eulerian from
) Lagrangian or vice versa.
Eulerla\ 1 Lagrangian
Location O: Lagrangian methods can also be
T'= Tl Yor 1~ Particle A: used if we “tag” fluid particles in a

flow

0 =T,
|

Yo

X

Eulerian methods are commonly
used in fluid experiments or
analysis—a probe placed in a flow

AMNO-MMA Mnxavikf Peuotwv 19



V. L4 0000
2VYKpPLoN TOV 2 ngdoomv eec:
o000
| X
o
Lagrangian: Select a body and Fulerian: Describe the
describe its motion. motion at spatial locations.

particle the equations are For example, at any location

in space, the speed of a
particle is given by

L
Ay
L

Z
For example, for this '
1 y

v=gt

2 °
=8
- ]
v = speed of particle (m/s) v =4/2g|7|
s = position from origin (m) ¢ v = speed at location z (m/s)
t = time to fall a distance s (s) z = vertical location (m)

g = gravitational constant (9.81 m/s’)

AMNO-MMA Mnyxavikr PeuoTtwyv 20



Moapaderypo 0oeo
zovovaopévn Eulerian-Lagrangian Method EE: :

Avdhvon eumelpoyvordvov Tov atvynuatog Columbia:
[Ipocopoimon ¢ TpoYLEC TOV GUVTPIUULDY YPNCLLOTOLOVTOS
e 11 uéBooo Lagrange yia ta cuvipipua (for this particle)

e 11 uéBooo Euler yio 1o medio por¢ (at any location)

AMNO-MMA Mnyxavikr PeuoTtwyv 21



Eilon pon¢ i

Aovpmigotn pon :
Otav n mokvotnTa T0V PELGTOL o€ KABE onueio Tov Tapapével otabepn e TO YPOVO
(netafoin < 1%)

YopmeoTi) pon:
Ortav ot petaforéc Tng TLUKVOTNTOG UE TO YPOVO eivor onuavTikég (> 1%).
YOUTIECTOTITO GTO OEPLOL CTUAVTIKY GE DYNAEC TEGELS & LYNAEG TayOTNTEG.

u
AvMach=— u [l taydmra pevotov kou u<0,3 Mach [] acvuricotn pon
c

c [ taydtnta nyov u>0,3 Mach [] ovumeot pon

Movipn ponj :

Su
otov — =0
¢

(ta meprocdTEPO TPOPANHATA PN avViKoD, 6TadEPT GE GLYKEKPLUEVO onueio , umopel va
petafarietor omd onueio og onueio )

Mn povipn ponj :
To drdvuopa g Taydtntag o€ £va tuyaio onueio petafdiieton pe to xpdvo
(m.y. xtvnon pevoToy 6e GOANVA LE LETABAAAOLEVN TTAPOYN).

AMNO-MMA Mnyxavikr PeuoTtwyv 22



['lo TV OTTIKY AVOOPAOTAST TOV TESIOV (Lo Hoviung (xpovika aveEapTnTng) pofg PO LOTOIOVLE TV EULTELPLO HOG GE
NAEKTPLKG 1) Oy VITLKGL TESTOL KOt ELGAYOVLLE TIC YPOLLIES POTIC Y10L TO TESIO TOYOTNTOG, O OTOIES £YOVV TIC TOPUKAT® 1SOTNTES:

* H epomtopévn o kaOe onpeio pag ypappic pofg eivat oty KatedBuven e ToydTTog pofig 6To oNeio avTo
* H mokvoémnta Tov ypouumy pong eivat avaAoyn Tov LETPOV TS TOYVTNTOS GTO ONuEi0 0V TO

« Olypoppéc pofc dev TévoVTaL, EKTOC o onpeio dmov 1 ToxdTnTo Pndeviletat (onpeio npepiog).
e avtifen mepinton,  TayLINTO OV UTOPEL VO OPLOTEL LOVOOIKE GE OV TO TO ONLETD.

AMNOG-MMA

Mnxavikf Peuotwv
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Eion pong

{_}un_m_m_Tn ﬁ1m'1.h|:|:|.m MG TIOTTIG £Vl To QuTd O unmnﬁl]-mrs onueio g
'fp{:J.Lj.Lqi; poT|s Tov pevotol (ToyiTnTa orabep wotd pEtpo wm word hetthvvon) oE o Twoie

ypovIKT) oTrppr (o1 ypaupes pofg eulsies wm mapaddnhes petall Tous ) .

Avopsibpepen por : Av petafalleTol KoTd piKog g ypapuns porg 1 taybna (site wg tpog
uETpo, EiTE mg mpog Metbueo)

_m_ﬂmmﬁmmnﬁ{um pnrn'mﬁ KvotvTo pe orabepn Tu]:l.'rtq'm KT mp:FJp:rm_
Do ta ::rmj.mn-ﬁt{: TOU pEl.m'mu Tou ifow orpdpatos kivolvom pe Ty idu Tyt Te KeTd ™
Setbhvon g pong xm povo.

OXI ovignln Twv YEITOVIKIY CTPOLETLY,

AvTmhiayT) opung povo oE popuaxd exinedo pe Suiyeor. _

Taoew no aotdfaa & orpofiucuotc sSicopporoivim and 1Eodels / faTunTke: TaoEL.

Tupfididne pof : H 1Emdéng pon pe axovonotes & TURiss KIVITTELS TOV TOHOTISIW0Y TOW
pELSTON Tpog GAEg Ti KoTentivoE; — axovownotn & Toyoio peTaeopd opumg

= Luveyn petafiodn) Tov ibomiToy ToU pEUCTON

=%  LIOTOTIKT) TEPTYLT) QUOKEY 0T Ty (LETES TULEL)

Merafianikn pon : Evéudpeso tuipa pors arxd v otpoth oty topfdabn

AMNOG-MMA

MWW
Toppaidng por

o gor

L
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V 4 I I 4 L4 L4 .. ‘. ‘. '.
Opoiopop@n (eTTAvw) — avopoiopopPn (KATw) pon o000
00
| X
o
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| N ——— e
e ——— = —- i m— gl m—
B e e S
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B I R Sy ———— - ==
TR AN L

(a) (y)

Ytabepn Kol LETPO Ko O1ELBVVOT KOTA UKOG LLOC YPOLLUNG PONG KoL 6E KABE YPOVIKT] GTLYUN.

@ e
() (v)

(B)

u,~0R u,~1/R

MetafAnT1| ToHTNTO KOTA KOG LG YPOLLUNG POTG
elte g Tpog To PETPo (0e510) elte G mPOg ™ d1evBvvoN (aproTtepd), £ite MG TPOG Ko TOL dVO.
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E100¢ ¢ pong: eCaptnon amo apOuo Reynolds

O Revnolds yonouuomoleovtas ColNVes Olo@oomy OLCLIETOMWY ROl VEOO OLOpo-
), I S - O 0
s & e g e L - # # -
0wV BeQUOROUOLOY, POTHE OTL TO €(00C TNES QONS EEUOTATAL CITO TNV TUM] TTOU €% €L
MLt O LEOTATY) TUQAUETQOC, YVOOTH TOOC TV Tov o aptBpog Reynolds, ) omoia
QIVETOL IO TOV TUTTO:

Avvaueicaopaveiag Re = Qud.
OLVAUEISTPILNG It

OOV O E(VAL 1) TURVOTITC TOV VYQOU, 1 E(VL 1) TaUTNTU TOL LYo, d Elval 1) E00-
TEQIXY] OLANETOOZ TOV CwAVa ®al [ elval To 1E@deC Tov vypov. H porj uéca oe éva
owhijva Bewpeitar otpom) edv Re<2.300, eve) edv o apiBpog Re>4.000, tote n
oon eivar TupPadne. Ta evdudueoeg Tiieg tov aptBuot Reynolds, €yovue peta-
Portuian) pom.
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2TPOTN Kol TVPPOOoNg pon — XVykpion

(BA. Iivaka 4.2)

AMNOG-MMA

Feature

Basic description

Velocity profile in a pipe

Mixing of materials added
to the flow

Variation with time

Dimensionality of flow

Availability of mathematical
solutions

Practical importance

Occurrence (Reynolds
number)

l o000

Laminar Flow

Smooth flow in layers (laminae).

Parabolic; ratio of mean velocity to centerline
velocity is 0.5 for fully developed flow.

Low levels of mixing. Difficult to get a
material to mix with a fluid in laminar flow.

Can be steady or unsteady.

Can be 1-D, 2-D, or 3-D.

In principle, any laminar flow can be solved
with an analytical or computer solution.
There are many existing analytical solutions.
Solutions are very close to what would be
measured with an experiment.

A small percentage of practical problems
involve laminar flow.

Occurs at lower values of Reynolds numbers.
(The Reynolds number is introduced in
Chapter 8.)

Turbulent Flow

The flow has many eddies of various sizes.
The flow appears random, chaotic, and
unsteady.

Pluglike; ratio of mean velocity to centerline
velocity is between 0.8 and 0.9.

High levels of mixing. Easy to get a material
to mix; for example, visualize cream mixing
with coffee.

Always unsteady.

Always 3-D.

There is no complete theory of turbulent
flow. There are a limited number of
semiempirical solution approaches.
Many turbulent flows cannot be accurately
predicted with computer models or
analytical solutions. Engineers often rely on
experiments to characterize turbulent flow.

The majority of practical problems involve
turbulent flow. Typically, the flow of air and
water in piping systems is turbulent. Most
flows of water in open channels are turbulent.
Occurs at higher values of Reynolds numbers.
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ALGTATIKOTNTO PONS

] Movooldotatn
1 Awsodotat
[ Tpwedidotatn (u=u(x,y,z,t)) m.y. Kamvoc KoUvaoog
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Elon pong

o Arpifi pory (18odsg pevatol=0, Wavikd peuot)
o [Edbne pory (por) tov mpaypankdy peuatoy, to 1Eodeg Eyel T

Opuakd oTpapio: H mepogn 1ou peuatol eviosg T omolog mapatnpeito
perafolf e tayboyroas amd u = 0 éog u = 0.9%u

Inviscid flow: Region of flow in which
viscous forces can be neglected when

e M solving the equations of motion

_—
}IT

- . JE—Y
S ]
D — : ~
— X
Y _
_ —_—
—_— —_—

1f Lﬁl
—_—

. _—
] v —
N ﬁ
—_—=

2. omcbopedpara (wake)

3.  opwkd otpdpa (boundary layer)

AMNO-MMA Mnyxavikr PeuoTtwyv

5(x) Boundary layer: A thin region
— x ? of viscous flow near a wall
JE—, bixy { , 7 L4
— H pon dwouywpileton o 3 meproyéc,

1. arpPoicg porng (inviscid flow)

Flow separation: Where the flow
moves away from the wall

Walke: The region
of separated flow
behind a body
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I pog avertoypnsvn pon §§f

Ieproyn €16000v: AVvEAVEL GLVEXDC TO OPLAKO GTPMUO GE TAYOG, UEYPLS OTOL 1] POT] VO KOTOGTEL
TANPOS OVOTTTUYUEVT).

I pog avarToypévn: omote Ta 1IEDMON QAIVOUEVH ETIKPUTOVY GE OAT TN OLOTOUNG TOV GOANVA KO 1
KOTAVOUN TOYLTITOV OEV HETAPAAAETON KATA UNKOG TNG PONG .

Su 9p
kpttnpo: —=0mM ——=c7100.
punp x n e

X
Mnkog meploym €16000v (X) = 7 = 0,05 Re (Ztpwt1| pon)
X >10d (TvpBmong pon) m.y. deryuotoAnyio aepiov Kauvadug

o OpLosd OToa

el L |
T E Y — T
X . f______ ___————‘_____:
- J_,---"‘_f-f_ ) T&I
h‘\. |
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Mwg o1 pnxavikoi TrepIypda@ouv Tn pon (BA. Mivaka 4.4)

Description

Engineers classify flows as uniform
or nonuniform.

Engineers classify flows as steady
or unsteady.

Engineers classify flows as laminar
or turbulent.

Engineers classify flows
as 1-D, 2-D, or 3-D.

Engineers classify flows as viscous
flow or inviscid flows.

Engineers describe flows by
describing an inviscid flow
region, a boundary layer,
and a wake.

Engineers describe flows as
separated or attached.

Uniform and nonuniform flow describe how velocity varies spatially. o
Uniform flow means that the velocity at each point on a given streamline is the same.
Uniform flow requires rectilinear streamlines (straight and parallel).

Nonuniform flow means that velocity at various points on a given streamline differs.

Key Knowledge

Steady flow means the velocity is constant with respect to time at every point in space.
Unsteady flow means the velocity is changing with time at some or all points in space.
Engineers often idealize unsteady flows as steady flow. For example, draining tank of water
is commonly assumed to be a steady flow.

Laminar flow involves flow in smooth layers (laminae), with low levels of mixing between
layers.

Turbulent flow involves flow that is dominated by eddies of various size. Flow is chaotic,
unsteady, and 3-D. There are high levels of mixing.

Occasionally, engineers describe a flow as transitional. This means that the flow is changing
from a laminar flow to a turbulent flow.

One-dimensional (1-D) flow means the velocity depends on one spatial variable; for
example, velocity depends on radius r only.

Three-dimensional (3-D) flow means the velocity depends on three spatial variables; for
example, velocity depends on three position coordinates: V = V(x, y, z).

In a viscous flow, the forces associated with viscous shear stresses are significant. Thus,
viscous terms are included when solving the equations of motion.

In an inviscid flow, the forces associated with viscous shear stresses are insignificant. Thus,
viscous terms are neglected when solving the equations of motion. The fluid behaves as if its
viscosity were zero.

In the inviscid flow region, the streamlines are smooth, and the flow can be analyzed with
Euler’s equation.

The boundary layer is a thin region of fluid next to wall. Viscous effects are significant in
the boundary layer.

The wake is the region of separated flow behind a body.

Flow separation occurs when fluid particles move away from the wall.
Attached flow occurs when fluid particles are moving along a wall or boundary.
The region of separated flow inside a pipe or duct is often called a recirculation zone.
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NMNoéon gival n yéon TaxuTnTa ?

Situation

Fully developed laminar flow in a round pipe.
For more information, see §10.5.

Fully developed laminar flow in a rectangular
channel (channel has infinite width).

Fully developed turbulent flow in a round pipe.
For more information, see §10.6.

@ = Volume/time
( of gasoline
|

/-"‘\\‘_ X,
B

\Speciﬁed Cross-

sectional area

AMNOG-MMA

Equation for Mean Velocity

I7/Yr

VIV — 0.5, where V., is the value of the
maximum velocity in the pipe. Note that
Vmax 18 the value of the velocity at the center
of the pipe.

VIV e = 213 = 0.667.

VIV max = 0.79 to 0.86, where the ratio depends
on the Reynolds number.

Q = Volume/time
of air (instant in time)
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2Uvoyn TWYV ESICWOEWYV TTAPOXNG eocs

Description Equation Terms
Volume flow rate Q=VA= m _ deA _ fV . dA (5.10) Q = volume flow rate = discharge (m?/s)
equation P o A V = mean velocity = area averaged velocity (m/s)
A = cross-sectional area (m?)

- f f (ﬁ . ﬁ’) dA m = mass flow rate (kg/s)
A V = speed of a fluid particle (m/s)
dA = differential area (m?)

V = velocity of a fluid particle (m/s)

dA = differential area vector (m?)
(points outward from the control surface)

m = mass flow rate (kg/s)

Mass flow rate ?ﬁ=pAV=pQ=fdeA=fpV-dA (5.11)
A A p = mass density (kg/m?)

equation
m=ﬂ (@i - )dA
A —_—
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TTTOAOYIGOVTOGC TNV TTAPOXN AEPAU OE 000

O'(D)\ﬁva T

oo
EXAMPLE 5.1

Applying the Flow Rate Equations to a Flow of
Air in a Pipe

Problem Statement

Air that has a mass density of 1.24 kg/m® (0.00241 slugs/ft*)
flows in a pipe with a diameter of 30 cm (0.984 ft) at a mass
rate of flow of 3 kg/s (0.206 slugs/s). What are the mean
velocity and discharge in this pipe for both systems of units?
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YTroAoyi{ovTag TNV TTapoxn aEpa o€ CwAnva

EXAMPLE 5.1

Applying the Flow Rate Equations to a Flow of
Air in a Pipe

Problem Statement

Air that has a mass density of 1.24 kg/m’ (0.00241 slugs/ft’)
flows in a pipe with a diameter of 30 cm (0.984 ft) at a mass
rate of flow of 3 kg/s (0.206 slugs/s). What are the mean
velocity and discharge in this pipe for both systems of units?

Define the Situation

Air flows in a pipe.

/— $0.3m =0.984 ft
—} J

Air
p=1.24 kg/m’ = 0.00241 slug/ft’
m=3 kgfs =0.0206 slug/s

State the Goal
Q(m’/s and ft*/s) «= volume flow rate (discharge)
V (m/s and ft/s) «= mean velocity

Generate Ideas and Make a Plan

Because Q is the goal and m and p are known, apply the mass
flow rate equation (Eq. 5.11):

m = pQ (a)

AMNOG-MMA

To find the last goal ( V'), apply the volume flow rate equation
(Eq. 5.10):

Q=VA (b)

The plan is as follows:

1. Calculate Q using Eq. (a).
2. Calculate V using Eq. (b).

Take Action (Execute the Plan)

1. Mass flow rate equation:

Q=2

P 1.24 kg/m’
35.31 ft}
Q = 2.42m’s X ( = ) = |85.5cfs
m
2. Volume flow rate equation:
Q 2.42 m%s
=—= = -34.2 m/s
A (m) X (0.30 m)® [322mis
V = 342 m/s X (L) = [112 fi/s
) 0.3048 m

Mnxavikf Peuotwv
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YTroAoyi{ovTag TNV TTapoxn OYKOU ME
EOWTEPIKO YIVOUEVO

EXAMPLE 5.2

Calculating the Volume Flow Rate by Applying
the Dot Product

Problem Statement

Water flows in a channel that has a slope of 30°. If the velocity
is assumed to be constant, 12 m/s, and if a depth of 60 cm is
measured along a vertical line, what is the discharge per meter
of width of the channel?

AMNO-MMA Mnyxavikr PeuoTtwyv
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YTroAoyi{ovTag TNV TTapoxn OYKOU ME
EOWTEPIKO YIVOUEVO

Calculating the Volume Flow Rate by Applying
the Dot Product

Problem Statement

Water flows in a channel that has a slope of 30°. If the velocity
is assumed to be constant, 12 m/s, and if a depth of 60 cm is

measured along a vertical line, what is the discharge per meter
of width of the channel?

A
60 cm X

30°

Define the Situation

Water flows in an open channel.

AMNOG-MMA

State the Goal
Q(m?/s) e discharge per meter of width of the channel

Generate Ideas and Make a Plan
Because V and A are not at right angles, apply

Q =V - A = VA cos 6. Because all variables are known except
Q, the plan is to substitute in values.

Take Action (Execute the Plan)
Q=V-A = V(cos309)A
= (12 m/s)(cos 30°)(0.6 m)

=|6.24 m’/s per meter

Review the Solution and the Process

1. Knowledge. This example involves a channel flow. A flow
is a channel flow when a liquid (usually water) flows
with an open surface exposed to air under the action of
gravity.

2. Knowledge. The discharge per unit width is usually
designated as q.
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A10@OPIKEG ETTIPAVEIES VIO TOV UTTOAOYIOHO | eees

1poOXU'0V (BA. Mivakac 5.3)

Label Sketch

Channel flow dy dA = wdy

Pipe flow

AMNOG-MMA

Description

When velocity varies as V = V(y) in a rectangular channel, use a
Channel wall differential area dA, given by dA = wdy, where w is the width
of the channel and dy is a differential height.

When velocity varies as V = V(r) in a round pipe, use a
differential area dA, given by dA = 2mrrdr, where 7 is the
radius of the differential area and dr is a differential radius.
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YTroAoyi{ovTtag TNV TTapoxn M€ OAOKARpwWON

Determining Flow Rate by Integration

Problem Statement

The water velocity in the channel shown in the accompanying
figure has a velocity distribution across the vertical section
equal to u/u,,,, = (y/d)"*. What is the discharge in the channel
if the water is 2 m deep (d = 2 m), the channel is 5 m wide,
and the maximum velocity is 3 m/s?

IS
:

e e —
Il
=
< .

AMNO-MMA Mnyxavikr PeuoTtwyv
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EXAMPLE 5.3

Determining Flow Rate by Integration

Problem Statement

The water velocity in the channel shown in the accompanying
figure has a velocity distribution across the vertical section
equal to u/u,,, = (y/d)""*. What is the discharge in the channel
if the water is 2 m deep (d = 2 m), the channel is 5 m wide,
and the maximum velocity is 3 m/s?

-

Define the Situation

II| <l
g

Water flows in a channel.

u(y)= um(yld)m

p
a4
|

s
= M
s

State the Goal

Q(m’/s) «= discharge (volume flow rate)

AMNOG-MMA

Generate Ideas and Make a Plan

Because velocity is varying over the cross-sectional area, apply
Eq. (5.10):

V=J'L (i - 7)dA

Because Eq. (a) has two unknowns (V and dA), find equations
for these unknowns. The velocity is given:

Q= deA (a)
A

V= u(y) = thnax(yd)'"? (b)
From Table 5.3, the differential area is
dA = wdy (©)

Notice that the differential area is sketched in the situation
diagram. Substitute Egs. (b) and (c) into Eq. (a):

d
Q= f tnae (1) 2w dy @

The plan is to integrate Eq. (d) and then plug numbers in.

Take Action (Execute the Plan)

d
Q=fumx(yid)”2wdy
0

Wlmax 112
= d
n |V Y
d' A
_ Whma 2 5 Wimax 2 Pz
- dle 3 - dle 3
5 m)(3 m/s 2
= o X 3 X ey = o
(2 m)h’l 3
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[lapaoevypa 3.1

H tayimra tov pevotot mov dupoéel éva »ohvOoiro aywyo netafdiletal og
e Topr) Tou aymyol rdBet) moog Ty devBuvon pog olugomvo N TV eE0mo):

' 2
Uy = ug(l - )’—),
RZ

OO 1, ELVOLL 1) LEYLOTY) TaryOTN T, R EIVOL 1) OHTIVE TOU aryoyyos ®aL Y e0vaL 1) ato-

0
otaon and Tov dEova Tov aywyol. Na vrokoylobel 1) péon tayim)ta Tov pevotot

ot dlaTou.
2
Y [ AR ufy) U =U,|1-2
‘ . T i O x K
x O 3 ] ) y=R=U,=0

y=0=>U_=U,
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o000

H tayimra tov pevotot mov dupoéel éva »ohvOoiro aywyo netafdiletal og o0
e Topr) Tou aymyol rdBet) moog Ty devBuvon pog olugomvo N TV eE0mo): ®

' ,2

e = tgll— R
RZ

OOV Uy EVCL 1) PEYTOT ToUTNTaL, R EIVOL 1] GHTIVO TOV (Yool ®Ou Y E1VOL 1) GIT6-

otaon and Tov dEova Tov aywyol. Na vrokoylobel 1) péon tayim)ta Tov pevotot

ot dlaTou.
SN E =y A (S
AT :
X O |I - l'\ky'l'l \'I y=R= Ux =0

/' y=0=U, =U,

dA =2rxydy

u dA =

]

=K=lﬂ @ - 7)dA u——”undA:u—
A~ 4)l,

T
u =

1 ¢r y’ 27U, |
ﬂRzL)UB[L—E?}2ﬂydy— s

0
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Moviyn pony acuuTTiEoTOU peUoTOU - MNMapadelyua

Y10 akpo@Uao1o tou oxnparos 3.3y, oto onoio Kataii-
yel owAnvas Siapérpou 18 cm, Oédope va €xope taxitnta
e€68ou vepoi 12m/s. Av n 8idperpos owmnv é€obo eivai
6 cm, va unodoy10006v: a) H taxdinta nou npéner va éxel
10 vepd péoa otov owinva. B) [16oa kg vepoi Ba ektofed-
ovtal oe 10 min ka1 y) 1o €ifos pons otov cwAinva.

SN
(D

AMNO-MMA Mnxavikf Peuotwv
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Moviyn pony acuuTTiEoTOU peUoTOU - MNMapadelyua

210 akpo@Uo1o tou oxnparos 3.3y, oto onoio KaraAn-
ye1 owAnvas Siapérpou 18 cm, Bédope va éxope taximra
e€68ou vepold 12m/s. Av n Siduetpos omv £€odo eivar
6 cm, va unodoyioBoiv: a) H taxidmrta nov npéner va éxer
10 vepd péoa otov owinva. ) [1éoa kg vepoi Ba ektofei-
oviai o 10 min ka1 y) 1o €ibos pois otov cwAnva.

P
A\
Adon.

Aebopéva: vy =12m/s,

d;i=18cm=0,18m, ka1

ds =6cm=0,06 m
m = kg /10 min,
eibos pons cwAinva.

ZntoGpeva: vy,

a) E@appélope v e€iowon wms ouvéxelas om Siato-
pn 2:

2
v=Td o v _0,0339m?/s (=122m°/h)

4
E@appédovias v e§icwon ms cuvéxelas ot Siatopn 1:
v, = 4-V =V, =1,33m/s
d2

n-d
AMO-MMNA

2
2 2
[Enions: V=190 _md2 o vi_fdy|
4 4 Vo

= v, =vy/9=133m/s]

B) Ia va vno>oyicope v nmoodétnta (pdda i 6yko)
nou péel o€ op1opévo xpovo, aflonololpe us oXECElS Opl-
OpoU TWV MAPOXMV:

V=V-t=V=0,0339m%s-600s = V = 20,34 m"
H mukvémra tou vepoi eivai p = 1000 kg/m3
m=p-V=m=20.340kg

Y) To €i6os s poiis oto cwiiiva kaBopiletar anéd tov
ap18pé Reynolds: Re =v; - d;/v.

Aev avagépetar Oeppokpacia vepod kair unoBétope
nws €ival n cuviiOns tou nepidiiovios, onéte Aapfdavope
(miv. 1.2.3) p = 10 kg/ms ka1 v = p/p = 10 m%s.

Avukabiotévias: Re =2,4- 10°. Apa n pon eivai tup-
Bdns.

Mnxavikf Peuotwv
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