Movofdaduiog TaAavTtwtng (SDOF)
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Movofdaduiog TaAavTtwTtng (SDOF) xwpig atréofeon:

O1 yNXOVIOUOI TTOU AVTIOTEKOVTAI
oTNV Kivnon: adpAaveia Kai n
Ouvapun eTTAVA@POPAS TOU

gAatnpiou k ‘
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looppoTtria: o&v dpa aAAn

ouvaun n aAAn
gavaykaouévn raAavrwon
orov SDOF:

20¢ N.N.:
Fs=m' U
-K - u=m - u
m-u+k-u=0
i+ (k/m)-u=0

Av opiow: w?=k/m

U+ w?2-u=0,
u=-w?-u



Movofaduiog TaAavTiwTtng (SDOF) xwpig atréofBeon:
(6ev Odpa aAAn duvaun n aAAn eéavaykaouévn raAaviwon orov SDOF)

Ao Ui = - w? - U = n eMTAYXUVON KAl N METATOTTION
ouoXeTidovTal YPOUMIKA HEow w?=k/m

U+w?-u=0
Aila@opikn e§iowon pe Avon: u(t)= C,sinwt + C,coswt
ATTAN appovikn TaAdvTtwon!

O1 ouvTteAeoTéG C, KaBopiovTal ATTO TIG APXIKEG CUVONKEG
TOU TTPOBANMATOG



ATTA} apHoOVIKA TOAGVTWON:

Teviovm to eAatnplo pHEypt tnv
0¢om X, Kol LETA TO QPNV®:

x(t)= C,sinwt + C,coswt

Apxikn 0éon: x(t=0) =x., = c,-0 + c,"1 =x,, =& Cc,=X,,

ApXIKA TaxuTnTA:

v(t=0) =0 = 0= c,w-cos(wt) - c,w-sin(wt) & 0=c,-w-1+0 = c,=0
=> X(t)=x,,cos(wt)
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Newtons’ second law of motion:

O puBu6G peETABOARG TNG OPURG CWHATIOIOU NAlag m gival
i00G ME TIG OUVAMEIG TTOU IOCKOUVTOI O€ QUTO

Opun:p=m-v
dpp“n P dv 12y ) g O Zoporidio paloc m
E:‘rn-az‘rnoﬁzrnou:F - x

= dp = Fdt = wlnon (yia Tooco Xpovo dpa n duvaun)

D’ Alembert’s Principle: otav éva cwpua eTITaXUVEI/ETIBPAdUVEIL, UTTAPXEI

Mia SUvapun TTou dpa O€ AUTO, ion ME HAla X ETTITAXUVOT), TTOU Eival
avTifeTn TG emiTaxuvong. H Auvapun aut Aéyetal adpaveiakn (m - ii)

, dv d .1 dK
I " Fv=m-—-v=— (= 2y = —
oXUC v=m-—-v=_— (zmv) ”

wF-v-dt=25.dt dF- . at=%.dt>F -du=dK
dt dt dt

Me oAokArfpwon: AK=K ,-K ;.= f;fl F-du=W Apxn Alatnpnong
W=-AU APX Mnxavikng Evépyelag
KT&A'W=qux > KT£A+(UT£A'qux)=qux 2> KTeA+UT£A=K0(px+Uapx



Evépyeia kal TaAavTwon u,Tel u,TeA
) AK=W= F-du= —ku - du=>»
gAaTnpiou ) 2 fu,clrpx 2 ful,apx o 2
S MV — S MUgpy” = — Ekurg,l + Ekuapx
| |

H ocuvdptnon tng AuvaliKng EVEPYEIOG TOU . 1 , 1 5
gharnpiou k: W=— (E Ku,ep” — Ekuap)( )

H ouv. TnNG KIVNTIKNG EVEPYEIONG TOU CWHATOG HAJAG M:

H ouvoAIKA unxavikr) EVEPYEIQ TOU CUOTHUATOG:

1 ] 1
E=U+K= Ekxm2 = Ema)zxm2 =—mv,’
5 U(t) + K(1)
U(¢)
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T
O= K(1)

!
0 T/2 T



Example. force law: A block whose mass m2 is 680 g 1s fastened to a spring
pie, whose spring constant &k is 65 N/m. The block is pulled
a distance x = 11 cm from its equilibrium position at
x = 0 on a frictionless surface and released from rest
att = 0.

(a) What are the angular frequency, the frequency, and
the period of the resulting motion?

KEY IDEA [yl block —spring system forms a linear
simple harmonic oscillator, with the block undergoing

SHM.
Calculations: The angular frequency is given by
Eq. 15-12:
k 65 N/m
=\—=\—— =978 rad/
“=Nm = V068ke racs

~ 9.8 rad/s. (Answer)
The frequency follows from Eq. 15-5, which yields

9.78 rad/ | |
i 2“; _ 2171:1(]5 = 1.5 Hz ~ 1.6 Hz. (Answer)

The period follows from Eq. 15-2, which yields

T = ]10 =7 .561 T 0.64s = 640 ms. (Answer)




Example, force law: A 160k whose mass m2 is 680 ¢ is fastened to a spring

whose spring constant & 1s 65 N/m. The block is pulled
a distance x = 11 cm from its equilibrium position at
x = 0 on a frictionless surface and released from rest
att = 0.

» (b) What is the amplitude of the oscillation?

m With no friction involved. the mechanical

energy of the spring—block system is conserved.

Reasoning: The block is released from rest 11 cm
from its equilibrium position, with zero kinetic energy
and the elastic potential energy of the system at a
maximum. Thus, the block will have zero kinetic en-
ergy whenever 1t 1s again 11 cm from its equilibrium
position, which means 1t will never be farther than 11
cm from that position. Its maximum displacement
1s 11 cm:

x,, = 11 cm. (Answer)



Example, force law: A block whose mass m 1s 630 g is fastened to a spring
whose spring constant & 1s 65 N/m. The block 1s pulled
a distance x = 11 cm from its equilibrium position at

x = 0 on a frictionless surface and released from rest
att = 0.

» (¢) What is the maximum speed v,, of the oscillating
block,and where is the block when it has this speed?

MMM The maximum speed v, 1s the velocity am-
plitude wx,, in Eq. 15-6.

Calculation: Thus, we have
Vi = X, = (9.78 rad/s)(0.11 m)
= 1.1 m/s. (Answer)

This maximum speed occurs when the oscillating block
1s rushing through the origin; compare Figs. 15-4a and
15-4b, where you can see that the speed i1s a maximum
whenever x = 0.



Example, force law:
A block whose mass m is 680 g is fastened to a spring

whose spring constant k 1s 65 N/m. The block i1s pulled
a distance x = 11 cm from its equilibrium position at
x = 0 on a frictionless surface and released from rest
att = 0.

(d) What is the magnitude a,, of the maximum acceler-
ation of the block?

KEY IDEA s yivs magnitude a,, of the maximum accel-
eration is the acceleration amplitude w’x,, in Eq. 15-7.

Calculation: So, we have
a,, = w’x,, = (9.78 rad/s)*(0.11 m)
=11 mfs (Answer)

This maximum acceleration occurs when the block is at
the ends of its path. At those points, the force acting on
the block has its maximum magnitude; compare Figs.
15-4a and 15-4¢, where you can see that the magnitudes

of the displacement and acceleration are maximum at
the same times.



Example, force law:

A block whose mass m 1s 680 g is fastened to a spring
whose spring constant k 1s 65 N/m. The block is pulled
a distance x = 11 cm from its equilibrium position at
x = 0 on a frictionless surface and released from rest
att = 0.

»(e} What is the phase constant ¢ for the motion?

x(t) = x,, cos(wt + @)

Calculations: Equation 15-3 gives the displacement of
the block as a function of time. We know that at time ¢t =
0, the block 1s located at x = x,,. Substituting these ini-
tial conditions, as they are called, into Eq. 15-3 and can-
celing x,, give us

1 = cos ¢. (15-14)
Taking the inverse cosine then yields

¢ = 0 rad. (Answer)

(Any angle thatis an integer multiple of 277 rad also sat-
isfies Eq. 15-14; we chose the smallest angle.)



Example, force law: A block whose mass mz is 680 g is fastened to a spring
whose spring constant k 1s 65 N/m. The block 1s pulled
a distance x = 11 cm from its equilibrium position at
x = 0 on a frictionless surface and released from rest
att = 0.

»(f} What is the displacement function x(¢) for the
spring—block system?

Calculation: The function x(z) is given in general form
by Eq. 15-3. Substituting known quantities into that
equation gives us

x(1) = x,, cos(wt + ¢)
= (0.11 m) cos| (9.8 rad/s)t + 0]
= 0.11 cos(9.8¢), (Answer)

where x 1s 1n meters and 7 1s 1n seconds.



Example, energy in SHM:

Many tall building have mass dampers,
which are anti-sway devices to prevent
them from oscillating in a wind. The
device might be a block oscillating at the
end of a spring and on a lubricated track.
If the building sways, say eastward, the
block also moves eastward but delayed
enough so that when it finally moves, the
building is then moving back westward.
Thus, the motion of the oscillator is out
of step with the motion of the building.
Suppose that the block has mass m =
2.72 x 10° kg (272 tons) and is designed
to oscillate at frequency f=10.0 Hz and
with amplitude x,, = 20.0 cm.

(a) What 1s the total mechanical energy
E of the spring-block system?




Example, energy in SHM:

Many tall building have mass dampers,
which are anti-sway devices to prevent
them from oscillating in a wind. The
device might be a block oscillating at the
end of a spring and on a lubricated track.
If the building sways, say eastward, the
block also moves eastward but delayed
enough so that when it finally moves, the
building is then moving back westward.
Thus, the motion of the oscillator is out
of step with the motion of the building.
Suppose that the block has mass m =
2.72 x 10° kg and is designed to oscillate
at frequency f= 10.0 Hz and with
amplitude x_ = 20.0 cm.

(a) What 1s the total mechanical energy
E of the spring-block system?

@

The mechanical energy E (the sum of the

kinetic energy K = jnﬂx of the block and the potential
energy U = lk;c of the spring) is constant throughout
the motion Of the oscillator. Thus, we can evaluate E at
any point during the motion.

Calculations: Because we are given amplitude x,, of
the oscillations, let’s evaluate E when the block 1s at po-
sition x = x,,, where it has velocity v = 0. However, to

evaluate U at that point, we first need to find the spring
constant k. From Eq. 15-12 (@ = \'kz’m) and Eq. 15-5
(w = 27f), we find

k = mw?* = mQ2uf)?
= (272 X 10° kg)(2m)2(10.0 Hz)?
= 1.073 X 10° N/m.
We can now evaluate E as
E=K+ U=3m?* + kx?
— 0 + X(1.073 % 10° N/m)(0.20 m)?
= 2147 x 107 =21 x 10"].  (Answer)

:W:JEQT:M m
m k



Example, energy, continued:

(b) What is the block’s speed as it passes through the
equilibrium point?

Calculations: We want the speed at x = 0, where the
potential energy 1s U = %k.rz = (0 and the mechanical
energy 1s entirely kinetic energy. So, we can write

E =K+ U=3mv?+ 3kx?
2147 X 107] = 3(2.72 X 10° kg)v? + 0,
or v = 12.6 m/s.=45km/h (Answer)

Because E is entirely kinetic energy, this 1s the maxi-
mum speed v,,,.



ATTAN appovikh TaAdavTtwon ME amoéofeon X Rigid support

H ovvaun anocPeong (damping) eivai
avaroyn g TayvTnTog v, (¢ og Kgr/sec):

= :Springiness,k
Fp=—cv=c-u

Mass m

EMTAYLVOT NETUTOTION
—Vane

Damping, ¢

H diagpopiki €§icwon Kivnong

HovoBdaOuIou TOAAVTWTI o€ EAEUOEPN
Ji f]‘l'fD‘l']fg =0 7 taAdviwon pe amréoBeon
=m-u i :
- — — Ji ~slm-u +c-u+k-u=0




ATTAR appovikh TaAdvtwon ME atméoBeon

H e§icwon kKivnong povofaduiou

TAOAQVTWTI € EAEUBEPN

TaAGvTwon pe améoBeon  Adon:
TOAAVTWON  amroofeon

u(t) =p-cos(wp-t+0)-e S

P = \/[u(O)]Z + [’:‘(0) S “’r . 9= arctan |- 2O Tu0) ¢

m-u +c-ut+k-u=0

Wp wp - u(0)
k 4 14 y
2rn/T=w = \/% (AAT ywpig amooPeon) . Kataokeuég
k 2 4mk—c? ,
wp = \/; - 4:”2 = \/ Z:mzc (ToA. pe omocPeon) 0.8
B 0.6
INo ¢y = VAmk = 2mow (0tav wp = 0) 3 04
C
C — 0.2
C .
crit 0
0 02 04 06 0.8 1
wD=0) \/ 1 T (2 << z=c{ccrit I({:tzrit=2rnl"'l)




Awgpedvnon: u(t) = p-cos(wp - t+86) e wp=n /1 — {2

Cc

{ =
. 2 Ccrit .
= J [u(0)]* + [u(o) - 1;(: o w] ;¢ =arctan [_ um):;%f w]
INo =0 = op=0 = tordvtoon yopig om(')(sl}a(m (c=0)
ut)=p-cos(w-t+0), p= \/[u(O) + [u(O) 0 = arctan [— wi_‘gg))

['o 0<C<1 =» toldvtoon pe andcPeom TAATOVC

INo =1 (€ = Copip = 2mw) = 0p=0 =>» oev vdpyel TOAAVTOG,
1ovo amoofeon Kivnong: () =p- et p = [u(0)]

['a 1 =@ dev vdpyel TaAdvTmon, Lovo vrepandcPeon kivnong (dev eEetdleTon)

u(t) = [Asinh(w - t/¢2 = 1) + B cosh(w - /2 — 1) - e ¢t



ATTAN appoviki TaAdaviwon ME améofeon

u(®)
p

=cos(wp - t+0)-e S

EAcU0epn TaAdvTwon yia etTitreda amooBeons: (=0, 2, 5, 10, 20%, 100%
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O1 JIAKEKOUHEVEC KaUNUAEC dNAwWVOUV TNV anoofeon Tou NAATOUC



ATTAR appovikh TaAdvtwon ME atméoBeon

u(t) =p-cos(wp -t +0) e vt

Wp

@ =arctan |—

u(0)+u(0)-¢-w
wp - u(0)

21OV Xpovo t=0 To nAaTtog eivar u(0)= p. Z& NO6CO Xpovo Ba peIwbei OTO MIOO;

0.5p=p- e S0t o p=$wt — 05 = —(wt =1n(0.5) =>t=—

In(0.5)

i50 —_ t/T= — 277
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IHopadsrypo o€ Kotaokevn: 'Eva LLovoOpo@o KTNP10 TPOGOUOIMVETOL MG U0 AKOUTTH 00KOG GTNPLOUEV
o€ afopn vrootnA®uota. I'to Tov TPocO10PIGHd TOV SLVAUIKOV YOUPUKTIPIOTIKOV TNG KATACKELTC,
Aappavetl yopoa doxkiun eAevBepng Taldvimonc: eni g 00Kov emiPaiieton dvvaun ypviov F=89kN
TPOKAADOVTOG TAELPIKT] HETATOMIOT TNG 00K0V Kartd u(0)=0,508cm=0.00508m, kot akoAovO®E 1 SVVOUN
otapatd anotopo. H kataokeun extédece ehedBepn TaldvTimon Kol KataypaPnKe OTL 1| LETATOMION UETA
tov 1° KOxAo Ntav 0.406 cm pe mepiodo avtov Tov kKukKAov T = 1.40 sec.

[Tota etvart Tor SUVAUIKA YOPOUKTIPIOTIKA TG KATACKEVTC TOL UTOPOVV VA, LITOAOYIGH0VV; u(0)

AVvaun edatnplov: F = k x u = k=89/0.00508 = k=17520kN/m
[lepiodoc: T = 1.40 (s) = Zn\/% =27 /g_M; (w=2n/T=4.49 rad/s)

T \? 1.4\ 2
>W =) gxk=(3) 9.81x 17520 = 8533kN (m = 869,83 tons) !\
; Z-wl? ; Z-
u(t) =p-cos(wp-t+6)-e? p= \/[u(O)]Z 1 [u(0)+51()0) : w] ;6 = arctan [— u(oz)?i(()()))z w]
Ma t=0 n yetarotmion = TAATOC TNG TaAdvTwong ival p=u(0)=0.508 =p & 8 =0
MeTa atd £vav KUKAO TO TTAGTOC TNG TaAavTwong eivarl u(T)=0.406=p - e~ ST ﬁ
_ o -2m . i 0.508\
0.406=0.508 - 7%" = { = —x In (—0_406) = 3.5%
C " "
{ = = ¢ ={ X corip= 0.035 X 2mw = 273388 kg/s  “owven  Herdromion
Cerit l m | | u
wp=w\/1 — 2 = 0.999w = ©=4.49/sec J
k/2 k/2

To TTAGTOC PETG OTTO 6 TrEPI6dOUC givar: u(6T=)=0,508 - e$(6X2™) = 0 13 cm




ATTOKpIOoN povoRAaBuIoU TOAAVTWTNR UTTO APHOVIKE OIEyEpon U

Icoppormia: m - i+ k- u=0

Uy, =l ,ti: m-u+k-u=-m-iu

g
k/m=@?
i+ -u=-i ‘coz-u=-ii
g total
Ano Tnv 100pponia NPOKUNTEl OTI N OXETIKN HETABEON TwWV

akpwv Tou MT oxeTi(eTal PJe TNV GUVOAIKN €NITAXUVON
Eoto e£oT. Apliovikn Aéyepon (.. GEIGUOQ) U, (L) = ﬁgo sin(w - t)
- m ﬁ —

g

=P, € o0ocsopégroppaverar og ovvaun P, mwov opa 6to MT =
naCa TOL X EMTAYVLVGT] TOV €60APOVS

(evaAlokTiKA TO U, umopet va eivon pa ypovoictopia (TponyodUEVO nadnua)
XQPIX AIIOXBEXH

AYXH: av woyvel 0T EeKva amo npepia

(TayvTTo Kot petatomon = 0)
Ugo 1 L . —
u(t) = (fz ‘ L_ﬂz] - [sinwt — B - sinwt), f —%
2VVTELEGTIC
ney£0uvveng mhatovg

AdiGoTaTol OpOoI GTOV Y A&ova: ouykpIon
OoXNUATWV TAAGVTWONG TOU CUCTNHATOC

AowaoTaTol opot:
Kal TNG eEWTEPIKNC DIEYEPONG

ity (£) /itgo u(t)/ (%




ATTOKpION HoVORaOUIoOU TAAAVTWTA UTTO apUoVIKN digyepon U

TaAhavtwoelg pe €. dieyepon (Z=0) ywa p=0,1 tahavtwoelg pe €. dieyepon (Z=0) ywa B=0,6
15 —— avnNyHEVN HETATOTIION —— QVNYHEVN ETITAXUVO 3 —— AvVNYMEVN HETATOTIION —— QVNYHEVN ETUTAXUVON

1 2
0.5 1
0 0

05 0 2 4 12 1 0 2 4 10 12
-1 -2
-1.5 -3

t/T

Adwaotatol 0pol 6tov y dova

iy (£) fitgo u(t)/ (2

w

)

ywa 3=0,999

T

SDPF resonance vibration test

/T

OTav 10 B= w/w — 1 TOTE: 2UVIOVIOUOC
®, N QUOIKNA YWwVIAK ouxvoTnta (1dloouxvoTnTa)
w, N OUXvOTNTA TNG ECWTEPIKA AOKOUUEVNC DIEYEPONC

=>» H PJETATOTTION ATTOKTA TNV

—— aQVNYPEVN PETATOTION —— AVAYHEVH ETITAXUVOT “8VG)\UT£pn TI “r’] (O“Oiwg Ol u , u)

60 A

50

1 ]«
1-pB2%|.

12

A 4

0.6 0.8 1 12 14

https://www.youtube.com/watch?v=LV_UuzEznHs&ab channel=mstkwon B=w/w



ATTOKpION HoVORaOUIoOU TAAAVTWTA UTTO apUoVIKN digyepon U

< < A\ T>2>T,>T
Kk=3E1/H3 f3</[2 f111 3 2 1

[ _ 1 3EI 3EI 3EI
1 1 |k 1 | 3EI = l@mm =z |@Em Tz [@m
1

T 2rn./m 2w |H3m

\ \
fz (z) =1.8371 = f1=1.8371 f; .
L2-(3)7 =1.5396 = f,=1.53% f;
Av f3=4Hz : f,=6.15Hz = f,=11.3Hz e

U,

EAéYETE TIC Tlpég WC NPOG TIC Aev YVwpilw TV péda, Suwg PTopw va

EKTIMAOW HEOW TNG GWTO TNV CUCXETION

neipa |..|CIT|Kég! TWV UPWV...

OtavtoB=w/w > 1T0TE W = W
2UVToVIOUOC = H PETATOTTION ATTOKTA TNV MEYAAUTEPN TIWN

IHEIPAMA: SDPF resonance vibration test
https://www.youtube.com/watch?v=LV_UuzEznHs&ab channel=mstkwon



Atrékpion povoBdduiou TaAaviwri ME amréofeon UTTO apuoVvikn di€yepon U,

m-utc-utk-u=-m-t; ‘Eotw: iyz(t) = Uy -Sin(w - t)

c=20m-w; w=— ;wp=01-{2

u(t) — p . COS((I)D -t + 0) . e—(wt + ug

g | €l

1

- sin(wt + 0)

[(1 BZ)Z+(2(B)2]

_ . u(0)+u(0)-<-wr . [_u(0>+u<0>-z-w] — 2B
\/[u(O)] +[ o 6 = arctan o u(0) O = arctan —p2

‘Opocg 1Tou aopd eAeUBepn TaAGvVTWON ME aTTOOREON
‘Opog 1Tou agopd TNV MIBAAAOMEV TAAAVTWON KUKA. CUXVOTNTOG

- e ya Sladopeg anooBEoelc
TaAavVTWoelC e B=0,6 kal petapAnth andoBeon

N
[49)]

0.05
—0.1
—0.2

N
[=]

=
o

(42}

— B*)* + (28B)?

o
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