Image Transformations

‘Ex@paon piag eIkOvag o€ Eva
OUVOAO OTOIXEIWOWYV EIKOVWV
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2. ToIXEIWONC (elementary) Eikova

B 2TOIXEIWONG €IKOVA €ival TO eEWTEPIKO YIVOPEVO (outer product) duo
dlavuouaTwy (vectors)

m Edv éxoupue duo vectors Nx1:

u? (Hilsuiﬁa---:uﬂ\?)
V’f = (’Ujl,lljg, .uey T.JjN)

m OT10TE TO ECWTEPIKO YIVOUEVO €ival TO:

Uil Ui1V51 UaVj2 ... UU N

T U2 Ui2Vj1 UipVy2 ... UpU N
uivi = | . | (vin vz ...on) =

UiN UiNVj1  UiNVj2 ... UiNUjN
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m Evacg yevikOg TUTTOC YPAUMIKOU JETAOXNMOTIOUOU Jid
eIKOVaG T, uTTOPEI VO YPaA@PTEI WC:

g=h fh

OTrouU g €ival n elkéva £¢odou Kail Ta h, Kal h, givai ol
TTVOKEC NETAOXNUATIOUOU.

m Edv AUooupe wg mpog 10 f, N e€¢iocwaon dIaNOPPWVETAI
wC:

N N T

F=229uyv

I j=1
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Singular Value Decomposition

m Edv emAe€oupe Toug TTivakeg U kal V €101 WOTE
N JETaoXNMATICOMEVN EIKOVA g VA Eival EVOC
dlaywVIOC TTivakacg, TOTE N eIkova f Ba
QTTOTEAEITAI HOVO ATTO TA UN UNOEVIKA OTOIXEIA
TOU Q.

m AUTO UTTOPEI VA YiVEl JE Pia OlEpyaTia TTOU
ovouadetal matrix diagonalization kal ovopaderal
Singular Value Decomposition TnG €Ikovag
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Diagonalize a matrix

‘Evag TTivakag g JE TACN r JTTOPEI va YPAPET WG:
gT :VAl/ZU T (1)
Otou U kai V gival opBoywviol Trivakes yeyéBoug N x r kar o A2 givan évag
dlaywVIOC I X I TTiVAKOC.
Av avTiyetaBéooupe Tnv egiowan (1) TTaipvoupe:
g=UA"V'(2)
Av TToAaTTAacidooupe TNG €ClIowoelg (1) Kal (2) TEAIKA TTAipVOUE:
g9’ =UAU'(3)

[Maparnpoupe OTI 0 TTivakag A atroTeAgitTal atro r non-zero eigenvalues Tou
TTivaka gg' evw o U atroteAcital atrd Ta eigenvectors Tou idlou Trivaka.

[Mapouoia av TTOAAATTAACIACOUE TIG ECICWOEIS (2) Kal (3) TTAiPVOUE:
g'g=VAV'(4)

AuTO dcixvel 611 o TTivakacg V atroteAeital atrd Ta eigenvectors Tou TTivaka g'g
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Singular Value Decomposition (SVLC

m H Singular Value Decomposition piag eikovag g opieral
WG N ETTEKTAOT TNG O€ dIAVUOUATA ECWTEPIKOU
YIVOUEVOU, OTTOU Ta dIavVUCUATA QUTA ATTOTEAOUVTAI ATTO

Ta eigenvectors Tou gg' kai tou g'g. Evw ta Bdpn cival
ol eigenvalues Twv TTIVAKWY AUTWYV. 2€ QUTAV TNV

TTEPITITWON N APXIKA MAC N £€iOWON METATPETTETA:
r 1
g=>Auv’
=1
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[Tpooeyyion eikova ye SVD

m EQv atTo@aciocouuE va KPATIOOUUE JOVO
K <rTtunuara, Tote Ba avatrapayouue yia
TTPOCEYYIOTIKI €KOOON TNG EIKOVAC

g=3 AUy

A.N.O.- EpyaoTtipio AvaAuong HAekTpikwv KukKAwudtwyv KaBnynmg N. MNMatmapdpkog



" A
YTroAoyliopocg Tou AdBouc
m H dla@popd peTacu 1nG apXIKNG MAG EIKOVAC UE
TNV TTPOCEYYIOTIKN TNG €KOOON Egival:
D=g-g, =¥ Auy
m [1600 pyeyaAo «apIBuNTIKA» €ival TO AABo¢C?

D= 2

i=k+1

m [0 AABoc¢ €ival ioo Pe 10 ABpoIoua TwWV
eigenvalues TTOU QTTOPPITITOUME
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EAaxioTotroinon tou AaBouc

m EQv Tagivounooupe TIG eigenvalues A, atro
TNV MEYOAUTEPN TINA OTNV MIKPOTEPN, KAl
ETTINECOUME TIC TTIPWTEC K<r TIMEC, TOTE N
TTPOCEYYIOTIKN €£IKOVA TTOU Ba
QVOKATAOKEUAOOUME, Ba £XEI TO EAAXIOTO
TETPAYWVIKO AGBoC (least square error).
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A.1.0.- EpyaoTpio AvaAuon

Example 2.14

Show the different stages of the SVD of the following image:

(255 255 255 255 255 2556 255 255
256 285 255 100 100 100 255 255
255 255 100 150 150 130 100 258
_ |25 255 100 150 200 150 100 255
7= | 255 255 100 150 150 150 100 255
266 256 255 100 100 100 255 255
256 255 255 2556 50 255 255 255
\50 50 50 50 255 255 255 255

The gg7 matriz is:

520200 401625 360825 373575 360825 401625 467925 311100
401625 355125 291075 206075 291075 358125 381125 224300
360825 291075 282575 200075 282575 291075 330075 205025

r_| 373575 296075 200075 300075 290075 296075 332575 217775
99 360825 291075 282575 290075 282575 291075 330075 205025
401625 355125 291075 296075 291075 355125 381125 224300
467925 381125 330075 332575 330075 381125 457675 258825
311100 224300 205025 217775 205025 224300 258825 270100

1l

Its eigenvalues sorted in decreasing order are:

2593416.500 111621.508 71738.313 34790.875
11882.712 0.009 0.001 0.000

The lost three eigenvalues are practically 0, so we compute only the eigenvectors
that correspond to the first five eigenvalues. These eigenvectors are the columns
of the following matriz:

[ -0.441 0167 0080 —0.388 0.764
~0.359 —-0.252 0.328 0446  0.040
~0.321 —0.086 —0.440 0034 —0.201
~0.320 —0.003 —0.503 0.093 0.107
~0.321 —0.086 -0.440 0035 —0.202
~0.359 -0.252 0.328 0.446  0.040
~0.407 —0.173 0.341 —0.630 —0.504

\ —0.261 0.895 0.150 0.209 —0.256 /

The g7 g matriz is:
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457675 457675 3309100 298300 260025 308550 349350 467925
457675 457675 339100 208300 269025 308550 349350 467925
339100 339100 292600 228550 101525 238800 302850 349350

- 298300 298300 228330 220050 185525 230300 238800 308550

9 97| 260025 269025 191525 185525 237550 237800 243800 321300
308350 308550 238800 230300 237800 282575 201075 360825
349350 349350 302850 238800 243800 291075 355125 401625
467925 467925 349350 308550 321300 360825 401625 520200

Its eigenvectors, computed independently, turn out to be the columns of the fol-
lowing matriz:

( —0.410 -0.389 0.264 0.106  0.012
-0410 —0.389 0.264 0.106 0.012

—-0.316 -0.308 —0.537 —0.029 —0.408
—-0.277 =0.100 0.101 -0.727 -0.138
-0.269 0.555 0341 0.220 —0.675
—-0.311 0.449 -0.014 -0.497 0.323
—0.349  0.241 -0.651 0.200 0.074
\ —0.443 0.160 0.149 0336 0.493 )

In Figure 2.1 the original image and its five eigenimages are shoum. Each eigen-
image has been scaled so that its grey values vary between 0 and 255. These
eigenimages have to be weighted by the square root of the appropriate eigenvalue
and added to produce the original image. The five images shown in Figure 2.2
are the reconstructed images when one, two,.. ., five eigenvalues were used for the
reconstruction.

Then we calculate the sum of the squared errors for each reconstructed image
according to the formula

84
Z (reconstructed pizel — original pime!)2

i=1
We obtain:

Error for image (a): 230033.32 (A2 + Az + Ag + As = 230033.41)
Error for image (b): 118412.02 (A3 + Ay + As = 118411.90)
Error for image (¢):  46673.533 (A: + As = 46673.59)

Error for image (d): 11882.65 (As = 11882.71)

Error for image (e): 0

We .;ee that the sum of the omitted eigenvalues agrees very well with the error in
A.N.O.- EpyaoTipio AVAAL the reconstructed image.

S
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(a) (b)

(c) (d)

(e) (f)

] Figure 2.1: The original image and its five eigenimages, each scaled to have
A.1.0.- EpyaoOTAPIO / values from 0 to 255.
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(<) (d)

(e) (f)

Figure 2.2: Image reconstruction using one, two,..., five eigenimages from top
A.M.0.- EpyacThpio Aright to bottom left sequentially, with the original image shown in (f).
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2.UVOAO 2TOIXEIWOWV EIKOVWV

m YTTAPXOUV 0lapopa cUVOAQ OTOIXEIWOWYV
EIKOVWYV, OTA OTTOI0 OAEC Ol EIKOVEC
UTTOPOUV VA JETATPATIOUV.

m AuTa KaBopilovTal a1t £€va oUVOAO aTTO
TTANPEC Kal opBokavovikad gUuvoAa, TTou
QATTOTEAOUVTAI ATTO OIAKPITEC TIMEC
OIA@OPWYV OIAKPITWY CUVAPTACEWYV

14
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" A
[TANpec ka1 OpBokavoviKa 2UVoAa 2uvapTOEwWVY

m 'Eva ouvoAo cuvaptiioewyv Sn(t), 6tTou n akEpaiog, ival opBoywvio
o€ €va didoTtnua [0, Ta] yue pia ocuvaprtnon Bapoug w(t) eav:

)
k n=m

[ w(0)S,()S,, (1) =+

ﬁ n+m

m  To ouvoAo Afyetal opBokavoviko eav k=1,

m [0 oUvOAo AfyeTal TTARPEG €AV OEV UTTOPOUNE va BPoUlE GAAN
ouvapTnoN TTOU va €ival opBoywvia oTo oUVOAO Kal deV avAKEl OTO
ouUvoAo.

m 'Eva mmapddeiyua mTARpous kal opBokavovikou auvoAou gival 1o
oUVOAO TwV OouvapTHoEwWV et To OTToIO XPNOIYOTTOIEITAl WS BAon
YIQ TOUG JETAOXNMATIOMOUG Fourier
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2. NMAVTIKOTEPA TTANPN CUVOAQ
0PBOKAVOVIKWYV JIaKPITWY OCUVAPTACEWV

m 2UVOAO ouvapTnoewv Haar, ol otroie¢ TTaipvouv
TIMEC ATTO TO OUVOAO:

{0414+27 , p=123,....}

m 2UVoAo ouvapTtioewv Walsh, ol otroiec
TTAiPVOUV TIMEC OTTO TO GUVOAO:

{+1 ’_1}

16
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Haar 2uvapTtnoeig

(1 if0<t<3
-1 if3<t<1

for 2 <t < {2433

for ——-—-(“'.33-5} <t< -——-—-(“.;,“

Ho(t) = 1for0<t<1
Hi(t) =
(V2
Hopyn(t) = § =2
L 0

elsewhere

where p=1,2,3,...and n=0,1,...,27 - 1.

A.N.O.- EpyaoTtipio AvaAuong HAekTpikwv KukKAwudtwyv

KaBnynmg N. MNMatmapdpkog
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Example 2.18

Derive the matrix which can be used to calculate the Haar transform
of a 4 x 4 image.

First, by using equation (2.33), we shall calculate and plot the Haar functions of

the continuous variable t which are needed for the calculation of the transformation
matriz.

H(O,t) A

HO,t)=1for0<t<1

0 1

-t

A.N.O.- EpyaoTtipio AvaAuong HAekTpikwv KukKAwudtwyv KaBnyntig N. Matrapdpkog



H(1,t)

. 0 172 Il t

In the definition of the Haar functions, when p =1, n takes the values 0 and 1:

Casep=1,n=0:

Hzn !
V2 fcnr{]gt<4L \12—
H(2,5) =3¢ —2 for%§t<% 14
0 for 5 <t <1 |

1/2

Casep=1,n=1:

H(3.,t)
0 for0<t< i E

HB,t)=< V2 fori<t<3 3/4
V2 fori<t<l1

172

1 t
2.

To transform a 4 x 4 image we need a 4 x 4 matriz. If we scale the t azis by

multiplying it by 4 and take only the integer values of t (i.e. t=0,1,2,3) we can 19
AT.O- EpVGO’Tr']pIO Av@) construct the transformation matriz. The plots of the scaled functions look like
T this:
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A.lN.O.- EpyaoTripio Ava?

\ H(0,1)
1
| I T
0 3 3 4 t
b H(1LY
1
® - 3
BB I
-1 1 4 t
b H(2,0)
\2
1
T T =
2 4 4 t
2
A
HG3.t
\I_Z e
3
1 2 4 t
2

The entries of the transformation matriz are the values of H(s,t) where s and t
take the values 0,1,2,3. Obviously then the transformation matriz is:

1 11 1

1 1 1 -1 -1

=3 V2 —vV2 0 0
0 0 V2 —v2 20

The factor % appears so that HHT = I, the unit matriz.



Example 2.19

Calculate the Haar transform of the image:

|

The Haar transform of the image g is A = HgHT. We shall use matriz H derived

in Example 2.18:
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Example 2.20

Reconstruct the image of Example 2.19 using an approximation of its
Haar transform by setting its bottom right element be equal to 0.

The approximate transformation matriz becomes:

s 38
Il
o B e I o ) o)
(]
o =0 O

o C O N

The reconstructed image is given by j = HT AH:

1 1 8 0\ 20 00 1 1 1 1
._11 1 =2 o0 00 00 1 1 -1 -1
1=l 1 =4 0 2 00 -11][|v2Z -v2 0 0

T =i 0 —V2 00 10 0 0 V2 -2

1 V2 0\ 2 9 4 2
_lfr1 =2 0 0 0 0 0
- | 0 V2 -2 V2 V2 -2

1 =1 0 —v2 ) V2 —v2 0 0

0 4 4 0 01 1 0
_1f4 00 4)_[10 0 1
“ 44 0 2 2] |1 0 05 05

0 4 00 01 0 0
The square error is equal to:

A.N.O.- Epyactipio Av 0524052 +12=15



Walsh 2uvapTtnoeic

W, ()= (<027 (26)+ (1) W (2 1)}

Otrou [j/2] onuaivel TOv HEYOAUTEPO AKEPAIO TTOU Eival MIKPOTEPOG N
ioog pye 10 J/12,0=0 1 1, j=0,1,2, kai .

1 0<r«l
0 alddov

(

W,(t) =

23
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Example 2.21

Derive the matrix which can be used to calculate the Walsh transform
of a 4 x 4 image.

First, by using equation (2.34), calculate and plot the Walsh functions of the
continuous variable t which are needed for the calculation of the transformation
matriz.

_

W(0,t) |

. ] 1 for0<t<1
W(0,¢) = { 0 elsewhere 1

24
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"
Case j=0,¢=1, [{] =0:

W(l,t) = - {W(O,Qt) -W (0, 2(t - %))}

F0r0§t<%:
0<2t<1= W(0,2) =1
—-]:<t—1<0=> L2t E 0= W |0,2(¢ 1) =0
3='73 Shs2t-g)< At=3)) =
Therefore:
1
W(l,t)=-1 for 05t<§
For%§t<1

1<2t<2= W(0,2t) =0

1 1 1 1
i <2t - = -=-)) =
0<t 2<2=:~[)_2(t 2)51:>W(0,2(t 2)) 1

Therefore:

W(L,0)

-1 for05t<%

W(l’t)={1 forf <t<1 Lr==777°

0 172 1 t

Case j=1,¢=0, [%]=0:

W(2,t) = W(1,2t) — W (1,2@ - -;-))

A.T.0©.- Epyactrpio AvaAuong For0 <t < L PKOG
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0% 2 é = W(1,2¢) = -1

1 1 1 1 1 1
s St <=3 =1L 2At— )< —= = W(1,2(t - =) =
5 &t SR 1<2 2)< 3 {1.2( 2)_) 0
Therefore:
: 1
W(2,¢t) = -1 for 05t<1
For  <t<i:
1 -
s S2<1=aW(l2f)=1
1 1 1 1 . s Lk o
—ng—§<0=>—552(f—§}<0=§“‘(1,2(1,—5))—0
Therefore:
1 1
IV(?.t):l fOF‘ I§t<§
For'%§t<}

1<2< % = W(1,2t)=0

1 1 1 1 . 1
Therefore:
. 1 3
W2,t)=1 for ES%(;
For} <t <1
3 .
$§2t<‘2=:~1fi-‘(1,2t):0
1 1 1 1. 1 1
L e i = & - = =2=W(1.20t-=)] =1
;-5 g5 <2—2) <1 (1,2( 2))
Therefore:

W(2,t) = -1 for Stel \l. na'n'apdeog

Ry

A.N.O.- Epyaoctipio Avc



" S

W(2,0)
-1 for0<t<i

I-I'(‘Z,t):{l forl5t<§ 1

-1 for%ét(l

1
0 1/2

Case j=1,q=1; B_—] =if):

W(3,t)=— {W(l.i’t) +W (1,2(: - %) }

For0<t<i:

w(l,2t)=-1, W (I.E(t = %}) =10

Therefore:

1
W@, =1 for 0<t<

Forl<it<i:

Therefore:
1

W(3,t) = -1 for % <t< 3

For % <t < %
. . ) 1
w2t =0, W (I,Q(t - ;)) =

Therefore:

W3, t)=1 for % <t< %

A.T.©.- EpyaoTtpio AVAAUONG | por 2 < ¢ < 1:

(PKOG
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W(l,2t) =0, W (1,2(; N %}) =1

Therefore:
W(3,t) = -1 for g ciel
b way
1 for0<t< %1
. -1 fori<tc<ci
Wipull= 1 f0r§§t<§ 1
-1 for%5t<l 1/4 3/4 -
1 0 172 1 t

To create a 4 x 4 matriz, we multiply t by 4 and consider only its integer values

i.e. 0,1,2,3. The first row of the matriz will be formed from W (0,t). The second
from W (1,t), the third from W(2,t) and so on:

1 11 1
i -1 -1 1 1
W‘E =1 I I =l
O . T |

AM.6.- Epyaot Trh‘l:s matric has been normalized by multiplying it by 5 50 that WTW = I, where
I is the unit matriz.



Example 2.22

Calculate the Walsh transform of the image:

|

In the general formula of a separable linear transform A

W as derived in Ezample 2.21:

OO

— OO

L e T e I

o= - O

|

——

UgVT, use U

-1 1
L =i
1 1
-1 -1
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e |
1
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(a) (b)

(g) (h)
(g) (h)

Figure 2.5: Reconstructed images when the basis images used are those created
from the first one, two, three,.. ., eight Haar functions, from top left to bottom

right respectively. Figure 2.6: Reconstructed images when the basis images used are those created

TW\ from the first one, two, three,. .., eight Walsh functions, from top left to bottom
right respectively.



Haar transform basis images

31

REASNAEE
1Tt FEEE
T LT I FECE
T LT CLECE
TTTI TR
LTS
T T o =r
T T N e

A.M.0.- Ep



Walsh transform basis images
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" A
[TAEOVEKTNMATA KAl UEIOVEKTANOATA TWV
Walsh kal Haar pyetaoxnuaTiopwy

m O Haar geTaoxnuaTiopog YOG ETITPETTEI VA
AVAKATAOKEUAOOUUE PE OIAPOPETIKA ETTITTEON
AETITOMEPEIAC, DIAPOPETIKA PEPN TNG EIKOVAC

m AvtiBeTa TO AABOG OTNV AVOKATOOKEUN MIA EIKOVAG, UE
Walsh petaoxnuatiopo, diaxeeral o€ OAN TNV €IKOVA

m Opwg o Walsh peraoxnuatiopog €ival 1o €UKoAog va
EPAPUOCOTEI ATTO £vav UTTOAOYIOTH KOBWG €ival IO ATTAOG
(Traipvel JOvo OUO TIMEG:

-1 ka1 1)

33
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Discrete Fourier Transform

m 1-01a0Taon Tou discrete yetaoxnuaTtiopou
Fourier piag Guvdpmcng f(k) €ivau:

F(m) = f zf(k)exp[ 12”’”'”’—"]

m 2-0100T00N Tou discrete yeraoxnuatiouou
Fourier piag eikovag NxM eivail:

1 M-AN- km_ In

G(m,n) = TMN > Zg(k,l)e_ T

A.N.O.- EpyaoTtipio AvaAuong HAekTpikwv KukKAwudtwyv KaBnynmg N. MNMatmapdpkog
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" A0
Inverse Discrete Fourier
m [0 Inverse Discrete Fourier givai:
M-1N-1 _ @[qm pn]

g(q,p)= J— Y. D . G(m,n)e

m=0 n=0

35
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Discrete Fourier Transform o€ popon Trivaka

m KaTtaokeuadloupe trivaka U pe oTtoixeia:
2mxa

U :ieﬂ N

xa \W

x Traipvel Tipeg 0,1,....,N-1 yia kaBe oTAAN

a Traipvel TieEG ato 0,1,....,N-1 yia kGBe ypauun

O mivakag U gival cupuetpikoc: UT=U

2-01d0T1aTtn discrete Fourier Transform o€ popen Trivaka diveTal:

A=UgU

36
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= S
O1 OTOIXEIWOEIC EIKOVEC TOU
Discrete Fourier Transform

m E1T€10 N ouvapTnOoNn TOU
UETaoXNUaTiopou Fourier gival TTepITTAOKN
KAl Ol OTOIXEIWOEIC EIKOVEC Eival
TTEPITTAOKEC.

m AnuioupyouvTal JE TO ECWTEPIKO YIVOUEVO
OUO YPOUMWYV TOU TTivaka U
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Real part of the Fourier transform basis images
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Imaginary part of the Fourier transform basis images
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(g) ()

Figure 2.9: Reconstructed image when the basis images used are those created
A.T1.©.- EpyaoTr)pio AVAAUON from the first one, two,.. ., eight lines of matrix U of Example 2.27, from top left KOG
to bottom right respectively.
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"
Example 2.25

Derive the matrix with which the discrete Fourier transform of a 4
image can be obtained.

Apply formula (2.45) with N =4,0<z<3,0<a<3:

e—iZEX0  ,—jZEx0  ,—jaTx0 e—i 4 %0
1 e—idEX0  o—jAEx1  o-jiEx2  ,—jifx3
“\/‘E e—jzf-xo e—i%Ex2 e—jif-xﬂ e—i&x2
e—jzf-xo e—jzfxs e—jzf-xz e—jzfxl

[
I

1 1 1 1
_ 1|1 e i ¥
— 2|1 e 1 eim
1 e~ et =%
RS o M m g = e
e e | cosz = jsing J
e~ ™ = cosw — jsinm = —1
e_'gf'j — 371- 's'na_ﬂ- -
=podr ~jetn o =
Therefore:
I 3 31 2
111 =5 =1 3
Ussla <1 5 <1
1 5 -1 =3
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Example 2.28

Compute the real and imaginary parts of the discrete Fourier transform

of image:

co oo

O - - o

(=R B o B =

[ ===l == =)

We shall use matriz U of Ezample 2.25.

3

0
gt e

—l=g 0 Fd
0 0

0

0

0
2
2
0

—i |

-

1
J
I
=J

1
-1
1
-1

1
-J
-1
7
S 0% fj G5-

1
1
1
1

|

0
0

0 0
~1=j 0 j=1
t—i 0 j=1

0

.3

2
0

0
2
2
0

42

KOG

— o~

=D O =~
|

c oo o

o ] [ R ]
i

L R [ R P 0]

mﬂfﬂﬂ:(‘

0
0
0
\

- = b
Lu.l_ﬂ.n | ;

1
J
-1
=

0
2

o oo o

2

1
-1

ww._ln. I E |

4
-2] =2

\2}—2

L MU.D l_l.__n:
| -

o

—rr S
I

oo oo

Bl (o=

] O -

| |
AT )
il

Re(A)

A.l.©.- EpyaoTn



"
[TAEOVEKTAMATA KAl JEIOVEKTMATA TOU
Discrete Fourier transform

m MtTopei va opIoTei £ETOI WOTE va UTTAOKOUEI OTO
convolution theorem

m XPNOIYOTTOIEl TTOAU AETITOPEPEIG BATIKEG OUVAPTAOTEIG,
OTTOTE N TTPOCEYYION TNG EIKOVAC divel AlyoTEPO AGB0C
ATTO TOUG GAAOUG JETAOXNHATIOUOUG Kal oTaBePO apiBuo
OpPWV.

m [0 n apIOuo BaoIKwy EIKOVWYV ATTAITEI 2N CUVTEAEOTEC
YIQ TNV AQVAKATAOKEUN TNG APXIKAC EIKOVAC AVTi yIa N TTOU
armraiTouv ol yetaoxnuartiopoi Haar kar Walsh

m /AOyw, KUpiwg OTI UTTaKOUElI aTo convolution theorem, o
METAOXNMATIONOG Fourier gival 0 o0 XPNCIJOTIOIOUPEVOG
METAOXNMUATIOMOC OTIC EIKOVEC

43
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Convolution Theorem

m O yetaoxnUaTIouog Fourier TN ouveAIENg
OUO OUVAPTNOEWV €ival iO0C JE TO
VIVOUEVO TWV JETOOXNMUOTIONWY Fourier
TWV OUO CUVOPTACEWV

m [ 10 TNV TTEPITTTWON EIKOVWY, TO Bewpnua
IOXUEI €AV N €IKOVA eTTAVAAauBaveTal
TTEPIOOIKA TTPOC OAEC TIC KATEUBUVOEIC

44
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"
m  Av yia ouvaptnon icouTal ue TNV ouVvEAIEN OUO CUVOPTAOEWY, O TUTTOG

1Tou Oivel Tnv oxéon peracu Tou DFT (Discrete Fourier Transform) tng kai
Twv DFT Twv dU0 ouvapTioewy givai:

U(p,q) =VMNG(p,q)W(p,q)
n  QewpbvTac O

gnm)=g(n—N,m-M)
w(n,m)=w(n—N,m—M)
g(n,m)=g(n,m—-M)
w(n,m)=w(n,m—-M)
g(n,m)=g(n—N,m)

w(n,m) =w(n—N,m)

45
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" A
2. xeodiaon tou Discrete Fourier Transform

m O1rwg yvwpiloupe ol TTOOOTNTEC TOU PETAOXNMATIOMOU
Fourier piag €IKOGvag amroTeAOUV TOUC OUVTEAECTEG TWV
OTOIXEIWOWV EIKOVWV. Apa 000 PJEYAAN €ival n €IKOVAQ,
TOOOUG TTEPICOOTEPOUGC OUVTEAEOTEC £XOUME KAl UAAICTO
Ol UWPNAEC OUXVOTNTEC TNG EIKOVAC YivovTal AlyOTEPO
ONMAVTIKEC ME ATTOTEAECHMA KAl O AVAAOYOI CUVTEAEDTEC
va gival yivovtal JIKPOTEPOI

m O11oTE UTTAPYXEI DUOKOAIO OTNV TTapoUdiacn OAWY TwV
OUVTEAECTWYV KOBWG N dlapopd TIPNC TOUG Eival JEYAAN

m OT10TE VIA TOUGC OKOTTOUG EYPAVIONG, KAl JOVO yia
QuUTOUG, XPNOIUOTIOIEITAI O TTAPAKATW TUTTOG

d(p,q) =log(L+|G(p,q)))

A.N.O.- EpyaoTtipio AvaAuong HAekTpikwv KukKAwudtwyv KaBnynmg N. MNMatmapdpkog
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m O Discrete Fourier Transforms piag €IkOvag
TTOU €XOUME TTEPIOTPEWEI B ywvia diveTe O€
oxeon ue tov DFT tnc idiac un
TTEPIOTPEPOPEVNC EIKOVAC OIVETAN

G(w,0) = G(w,+0)

AnAadn BAETToupe OT1 0 Discrete Fourier
ransform 0gv eTTnpeaderal ATro TNV
TTEPIOTPOPN TNG EIKOVAC
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"
m Eotw pia eikéva g(k,l) Tnv yetakivoupue karta k|, otroTe
TOTE OpiCeTal WG g(k-k,,I-l,). H oxéon Tou discrete
Fourier transform 1n¢ €ikdvac g(k,l) kai Tou discrete
Fourier transform 1ng €iIkovag diveTal:

k,m+l n

G(m,n) = G(m,n)e_ TN

48
A.N.O.- EpyaoTtipio AvaAuong HAekTpikwv KukKAwudtwyv KaBnynmg N. MNMatmapdpkog



" A
m H oxéon peracu Tou discrete Fourier Transforms
MIa¢ €Ikovag Kal Tou discrete Fourier Transforms
TNG id1aC €IKOVAC OPWG £XOVTAC OAAALEl TNV
KAipaka Tn¢ e scaling factors a kai B divetal atro
TOV TUTTO:

G(m, n)—lﬁg( %

m Otrou G(m,n) eival o DFT tn¢ scaled gikovacg
m Kal g(m,n) €ival o DFT tnG unscaled eikdévag
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[1epiAnwn

m O1 yetaoxnuaTtiopoi avaAuouv KABe Ikova o€ Eva
OUVOAO aTTO OTOIXEIWODEIC BACIKES EIKOVEG

B YTTApXEl OuvaToTNTA VA TACIVOUNOOUNE TIC EIKOVEC QUTEC
ue BAon TNV TTANPOPOPIa TTOU TTEPIEXOUV
m MtropouUpe va €TTIAECOUNE TNV «TTOCOTNTA» AETTTOUEPEIOG

TNG €IKOVAG, ETTIAEYOVTOC VO KPATNOOUME £€va aUVOAO
BACIKWY EIKOVWYV

B O KAAUTEPO TPOTTOC TTETUXAIVETAI XPNOIMOTTOIWVTAG AV
BaoIKEC EIKOVEC TIC eigenimages TNG BaoIKAG EIKOVAC

B Opwc auto dev gival EUENIKTO KOBWC o1 BATIKEC EIKOVEC
uac aAAGlouv aTTo £IKOVA O€ €IKOva
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[1epiAnwn

m OTTOTE YTTOPOUNE VA XPNOIPOTIOINOOUUE KATTOIEC
TTPOKOOOPICUEVEC BACIKEC EIKOVEC, Ol OTTOIEC
kKaBopidovTtal ye TNV Bondeia Twv opBoKavoVIKWYV
OUVOAWV

m [€T0I00 OUVOAQ €ival 11.X. Ta Haar kail Walsh

m O Mo d1ad0oNEVOC HETAOXNUATIONOC Eival O
Fourier

m Me tov Fourier ytropouUpe va £TTNPEACOUUE [ia
€IKOVA UE TNV BonBeia piag atrAnNG ouveAICNC

51
A.N.O.- EpyaoTtipio AvaAuong HAekTpikwv KukKAwudtwyv KaBnynmg N. MNMatmapdpkog



