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AOCKINOEIC O0TOV TUTTO TOU Bayes

(OLVEXEID 2°° paBrnpuaoatoc)



AOKINOEIC oTOV TUTTO TOU Bayes

1. 'Exoupe 3 vopiopata, dV0 auepOANTITa, e TiiBavotnta 0,5 yia Kopwva N I'pdupota
EVW TO TPITO eV gival apepoAnTto desixvovtag Kopwva pe miBavotnta 0,75.

KATT010¢ ETUIAEYEL TUXAIO EVa ATIO TO VOUIOHATO, TO TIETAEL 3 QPOPEC Kal EPXETAl 3 POPEC
Kopwva. Mola gival n meavotnta va gival auTto TO PN AUEPOANTITO VOUIOUQ;

GALTN
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AOKINOEIC oTOV TUTTO TOU Bayes

2. Mia ao@aAIoTIKA ETAIPEIO KATATAOOEI TOUC AVOPWTIOVC O€ Pia aTIO TIC TPEIC KATNYOPIEC: KOOI
TIANPWTEC, UECTIOI TIANPWTEC KAl KOKOI TIANPWTEC. O1 Kataypa@éC TOUC dNAWVOLV OTI TA AToUd
KOAWV, HECAIWVY KAl KOKWVY TIANPWHWV £X0ULV TIIBOVOTNTEC VO EUTIAOKOUV € TPOXAIO atuxnua yeoa
o’ éva xpovo 0,05, 0,15 kai 0,30 avtiotoixa.

(a) Av 20% Ttou TIANBUGHOU gival KOAOi TIANPWTEC, 50% cival peaaiol TTANPWTEC Kol 30% gival KOKOi
TIANPWTEC, TI TTOCOOTO AVOPWTIWV £XOLV OTUXNMO UECA O’ Eva 0TABEPO XPOVO;

(B) Av évag KAtoxoc ao@aAIoTIKOU oLUBoAdiov dev gixe atuxnua pEoa a’ Eva Xpovo, Tiola Eival n
TUOAVOTNTA OTI €ival KOAOC TIANPWTNAG;

GALTN



[epiexopeva 3% padnuotog

Tuxaieg peTaAnTEC.

>uvaptnon rbavotntag (palog f TTUKVOTNTAC)
>UVAPTNON KOTAVOWIC.

FEWMETPIKA XOPAKTNPIOTIKA Piag KATOVOUNC.
PoTttoyevvrjtpia cuvaptnon

MBavoyevvTpIic CLVAPTNON.

...KOl OV TIPOAABOULE:
loOVOPEC TUXOIEC METOPBANTEC.
Koivr] cuvdptnon mbavotntog.
MepBwpla ocuvaptnon TBavOTNTOC.



[VWOTIKOI 0TOXOI 3°° poBnuaTog

>T0 TEAOC QUTOU TOU POBNUATOC, O POITNTAC TIPETIEL VA Eival o€ BEaN, yia Hia Tuxaia petaBAnt X, va
LTTIoAOYiIlEl TIC:

> uvApPTNaon TIBaVOTNTOC.

> UVAPTNON KATavounc.

Avopevopevn Tiun, Aldpeon Tiyn, Emikpatovoa Tiun.

AlokOpavar], TUTTKI OTTOKAION.

> UVTEAEOTIC AOVUMPETPIOG.

> UVTEAEOTHC KUPTOTNTOC.

POTIEC, KEVIPIKEC POTIEC KOl PoTtoyevwvrtpla cuvaptnon.

MBavoyevvntpla cuvApTnon.



— Tuxaiec peTaBANTEC
— 2uvaptnon Meéavotntag

— 2uvaptnon Katavourng



Tuxaieg PETAPBANTEC

Tuxoaio petafAnTty OVOUAZETAL IO APIBUNTIKA METABANTH TIOUL N TIUN TNC TIPOCdlopileTal
aTTO TNV €EEAIEN EVOC TUXOIOL TIEIPAMOTOC.

O1 Tuxaieg YeTaBANTEC dlaxwpilovTal o€ VO KATNYOPIEC, TIOIOTIKEG KOl OPIOUNTIKEG
TTOOOTIKEG, OTIO TIC OTIOIEC Ol APIBUNTIKEC DIOKPIVOVTAL TIEPAITEPW OE SIOKPITECG KAl
OUVEXEIC.
(a) MoloTikeEC (nominal) (POAO, TOTTOC KATOIKIOC, OIKOYEVEIOKT] KOTAOTAGN KATT)
(B) Ap1BunTIKEC (nuMeric)

(B,) Alokpiteg (ordinal) (TTANB0¢ Ttaidiwy, TIANB0G GLUPBAVTWY, KATT)

(B,) Zuvexeig (scale) (xpOvog, UNKog, OAEG Ol PUXOUETPIKEG UETPNTEIG, KATT)

Mia tuxaia peTaBANTH TIPOCdIoPIZETAL OTIO TO CUVOAO TWV ALVOTWVY TIUWV TIOL PTIOPEI vVa
TIAPEL KAl TNV TUOAVOTNTA VA TIAPEL KABE pia (Yo SIAKPITEC TUXOIEC METAPBANTEC) 1] TN
OLVAPTNON TTVKVOTNTOC TIBAVOTNTAC (YIO CUVEXEIC TLUXAIEC HETABANTECQ).



4 4
Toxaleg YHETABANTEC
> T oLVEXEID Ba aoX0ANBOLUE PE TUXAIEC METABANTEC TIOL AOUBAVOLVY APIBUNTIKEG TIPEC.

Opiopo¢ (10000vVapO(g)
‘Eotw Q 0 delypatoxwpog EVOC TIEIPAPOTOC. Q¢ Tuxaia JETABANTI) opiletal KABE

ouVaPTNON TNG HOPYNG
X:Q - A CR.

OpICHOC
AUO TLXAIEC HETABANTEC AEyovTal ioEC OTaV Eival I0EC W¢ ouvapThoelC Q — R.

> nueiwon

MeTd atto KATAAANAN KWOAIKOTIOINGN, KABE Tuxaia YeTaBANTr pTtopEi va BewpnOei aplBuntikr. MNa Tapadeyua, av
TO TIEIipapA gival N Tuxaia TIAOYT EVOC QOITNTA N TIAPATHPNGCN TOL PUAOU TOU, TOTE 0 SEIYUATOXWPOC Eival

Q = {Ayopl, Kopital}, kol pttopei va oplatei n Tuxaia petafAntn X tétoia wote X({Ayopi}) = 1 kai X({Kopitai}) = 0.
> TNV TIEPITITWON OUTH WOTOCO0, KATIOIO YEWMETPIKA XAPOKTINPIOTIKA TNE KATAVOUNC OEV Ba £X0UV 0O@EC vonua.



> uvaptnon Madag Meavotntag
> uvaptnon Katavounc

(Alakpity T.M.)



> uvaptnon Madag Meavotntag

OpIoHOC
Q¢ ouvvaptnon palog Tudavotntag (o.p.1.) (probability mass function p.m.f.)
f: R - [0, 1] piag diakpitn¢ tuxaiac PETaBANTAC, opidetal va gival N cuvaptnon

f.(X) = P(X=Xx)

1010TNTEG ouvapTRONG HAdag TUOAVOTNTOC SIOKPITHG T-M.-
1.0<f (X) <1, X€ (-0, +x).

2.5 f(x)=1.

> NUEIWOEIC

1. H ouvaptnan padag méavotntag cupBoAietan Kat p,(x) i akopa Kat p(x) r f(x), xwpig diktn X.

2. H ovopaoaoia “ocuvdaptnon padag mbavotntac” XprnoIUOTIOIEITal OTIOKAEIOTIKA OTIC SIOKPITEC T.J. H avtioTtoixn
OLVAPTNGOTN OTIC CUVEXEIC T.J. OVOPAleTal cLVAPTNON TTILKVOTNTOCG TIBAVOTNTAC.

3. ZTn OLVEXEID, BO AVAPEPOUACTE OTN cuvaptnaon padag Teavotntag attAd oav “ocuvaptnaon Tibavotntog”.



> uvaptnon Madag Meavotntag

Moapadeiypa
Av X = {10 amotéAsopa TG piPng evog Laplov} tote f (x) = 1/6,x =1, 2, 3, 4, 5, 6.

f(x)=16,x=1,2,3,4,5, 6.
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> uvaptnon Madag Meavotntag

Aoknon 1 1(3\"
(o) Na amodeix6ei 011 n cuvdptnon f(x) = —(— ,x=0,1, 2, ... eivar cuvaptnon palag
TBOVOTNTAC. 414

(B) Av X T. J. JE TIMEC QUOIKOUC apIBUOLC Kal ouvaptnaon hadog Bavotntag tnv f, va Bpedei n
TIBOVOTNTA TOL EvoEXOpeEVOU A = {0 < X < 3}.

AOon

AaALTN



> uvaptnon Madag Meavotntag

Aoknon 1 1(3\"
(o) Na amodeix6ei 011 n cuvdptnon f(x) = —(— ,x=0,1, 2, ... eivar cuvaptnon palag
TBOVOTNTAC. 414

(B) Av X T. J. JE TIMEC QUOIKOUC apIBUOLC Kal ouvaptnaon hadog Bavotntag tnv f, va Bpedei n
TIBOVOTNTA TOL EvoEXOpeEVOU A = {0 < X < 3}.

AOon

AaALTN



> uvaptnon Madag Meavotntag

1/3
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> uvaptnon Madag Meavotntag

AoKnon 2

Na Bpebei n otaBepad ¢ € R, wote n ouvaptnon f(x) = ¢-x2, x = 1, 2, 3 vd gival cuvaptnon palac
TBovVOTNTAC.

AOon

AaALTN



> uvaptnon Madag Meavotntag

f(n) =x414,x=1, 2, 3.
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> uvaptnon Madag Meavotntag

Aoknon 3
M'vopidouvpe 0TI To 80% TWV KATOIKWV TN¢ =Avenc vTtooTnPifouy TNV TOTIKL OpAadad. ETIAEyouuE
TUXIO 3 KATOIKOUC KOl €0TW

X = {10 TTARB0C TWV KATOIKWV PETAEL TWV TPIWV TIOL LTTOOTNPI(OLY TNV OUAda}.
Na Bpebei n ouvdaptnon padog mbavotntag NG T.4. X.

Y110d<1€n: Mpwta BPEITe TO SEYUATOXWPO Kal TIC TUOAVOTNTEC YIO KABE Eva OTIAO EVOEXOUEVO.

AOon

AaALTN



> uvaptnon Madag Meavotntag

Aocknon 4
H diakpitr tuxaia petaBAnt X €xel cuvaptnon palag mbavotntag f (x) = 2%, x =1, 2, ...
(o) Na Bpeite av gival TteplocoTtePO TIOAVO yia TNV X va AAUBAVEL APTIEC 1] TIEPITTEC TIPEC.

(B) Na uttoAoyiotouv ol Tibavotnteg (a) P(X > 5), (B) P(n X diaipeital pe 10 3)
AOon

AaALTN



> uvaptnon Madag Meavotntag

Moapatnpnon

AUO TUXOiEC HETAPBANTEC TTOU OpidovTal GTOV iB10 BEIYHATOXWPEO Q, UTTOPEL va €Xouv idla
ouVAPTNON TUBAVOTNTAC XWPIC Va €ival iI0E¢ w¢ ouvaptroelc Tou Q oto R.

Ma apadeypa, av X = {-1, 1} pe f (-1) = f (1) = 0,5 ka Y = -X, 101¢

(a) o1 X, Y €ival dIaQOPETIKEC WC OLVAPTNOEIC (X £ Y).

(B) €xouv idla auvaptnon TuBavotntag kabwg f (-1) = P(Y = -1) = P(X = 1) = 0,5 Kal
f(1)=P(Y=1)=P(X=-1)=0,5



> uvaptnon Koatavoung

(Alakpity T.M.)



>uvaptnon Katavopng

OpIoHOC
Q¢ (aBpoioTtikn) cuvaptnon Katavoung (cumulative distribution function) F: R - [0, 1],
opidetal va €ival n ouvaptnon

F.(x) = P(X = x)

H ouvdaptnon Katavoung Oivel TN dLVOTOTNTA UTTOAOYICHOU NG TIBAvVOTNTAC N T.4. X va
avrkel oto (a, B

Pla<X=B)=F,(B) - F,(a)
Znueiwaon: F,(x) = P(X € (-o, X]).

1010TNTEC CLVAPTNONG KATAVOUNG

1.0<F, (X) <1, X€ (-, +x).

2. F, 1 (-0, +) j100d0vapa x <y — F (x) < F (y).
3.lim__F (X)=1, x€ (-0, +o).



> uvaptnon Katavoung atakpitg T.M.

Av X dia d10KpITH TuXaio PETABANTH, TOTE

Fx(x)=P(X<x)= 2, P(X=x])= 2, fx(x)

X; < X X; < X

KOl )(/1 SY x|y .

P<G<XSB):FX(B)_FX(G>: ~ P<X:X'): < fx(xi)



Zuvcxprncm Katavopng asokpitng T.M.

MNoapadeiypa
Av X = {10 aTIOTEAEC O

NG piwng evog Lapiol}
tote f (X) = 1/6 x=1,.. 6

-t - v

Kal

Fx(X) =0, x <1,

Fx(X) =1/6,1<x<2,
Fx(X) = 2/6,2 <x <3,
Fx(xX) = 3/6, 3 < x <4,
Fx(X) =4/6,4 <x <5,
Fx(X) = 5/6,5 < x <6,
Fx(X) =1, x> 6,

FX(x)

1.5

=
-

ZuvapTnon Karavopng Tng X: evoeiEn evog Zupiou

EvdeiEn {opiou



> uvaptnon Koatavoung alakpitng T.M.

AokKnon
Pixvoupe Eva KEpUa TPEIC POPEC Kal opioupe X = {to TIANBo¢ atto K}. Na pebei n ouvaptnon

KOTOVOUNC NG X.
AOon)
X=0,123. 2= kEe, FF[ EN, rer, T (6 K, 1]

{(0)>P(x-0) = = ) 5 5@ F-506): <
F(x)' ?(X‘ x) BAvx<O: F(x)=0. B, O¢xel; F(,),P()g,,)-

—o Av 12 x¢2 B0 PURER) = Pox=00+R(x=0)- 5
o D 943+ () - POXEN) = PUx0)+ Pix-Y) < cha%r«-%
'l- q 3 A'X A\r )(7/3; F‘Cx]’l‘



> uvaptnon MNMoukvotntag Meavotntac
> uvaptnon Koatavoung

(Zuvexng T.M.)



H avayKkalotnta opiopoL tTNC ouvaptnong TTUKVOTNTOG
TueavotnTog yia pia ouvexng T.M. X

‘Eotw X pia ocuvexng tuxaia petaBAnt (OYocg, BApocg, UNKOC KATT), dnAadn i
UETABANT TIoL  AapPBavel TPéEC o€ éva  dlaotnua (o, B) CR.

H ouvaptnon Katavopnq NC T.J. X €ival n
- F.(x)=P(X<x),xeR.

> € aVTiOean Pe TNV SIOKPITH TIEPITITWOTN av N T.J. X €ival CUVEXHNC TOTE dEV EXEI
vonua va ypagoupe F (x) =2, P(X = k), kaBwg n aBpoion Ba empeTte va yivel
O€ UN Aap1BUNCIUo GUVOAO OEIKTWV.

ETUTIAEOV, TO TTAPATIAVW ABPOICUO OEV EXEI VONUO KOBWC OTNV TIEPITITWON
uiag ouvexouc T.u. ival P(X = k) = 0, yia kGBe k € R.

> UVETIWC, N OLVAPTNOT KOTOVOMNCG TIPETIEL VO EKPPOAOTEI PE AANO TPOTTO.



H avayKkalotnta opiopoL tTNC ouvaptnong TTUKVOTNTOG
TueavotnTog yia pia ouvexng T.M. X

ZEKIVWVTOC aTto Tov de Moivre 1o 1733 Kal Tov Simpson 10 1757, KaBiepwOnkKe
0 UTTOAOYIOUOC TNE TUOOVOTNTAC
F (X) = P(X <x),
WC EVO OAOKANPpwUa
F.(x)=P(X < x) f f

'\.«f"’\“

H ouvaptnon f, maidel 1o poAo g cuvapTNoNG uaZO(q TIeavoTNTAC YIO pia

OUVEXH TLXIO petaB)\r]rr] > TNV TIEPITITWON AUTH OVOUA(ETOI CLUVAEPTNON
TTUKVOTNTOC TUOAVOTNTOC.

davepd, 0 TIPOOdIOPICHOC TNC CLUVAPTNONG TILKVOTNTOC TIIBAVOTNTAC,
TIEPIYPAPEI TIANPWC TNV KATAVOUI TUBOVOTNTAC MO ouvEXOUC TUXAIOC
LMETABANTAC.



> UVAPTNON TILKVOTNTOC TIIBOVOTNTOC

OpIoHOC
ZUVAPTNON TTLKVATNTOC TTIBVATNTOCG OvouddeTal Kabe ouvaptnon f: R - R 10UV
IKOVOTTOIEL TIC 1OI0TNTEC

a) f(x) = 0 oxeddv Tavto. B) f f(x)dx = 1.

-~ - —_— - — 0

_— —— - —

KdaBe ouvaptnon TTUKVOTNTOC TUOavOTNTOC OPIdEl hiat oLVAPTNOT KOTAVOUNC YIa Hio
ouvexn Tuxaio PETABANTA X, WG

Fx(x) P(X < x) ff

-——— - >
- - -

Avtiotpoga, av F,: R — [O 1] eival pio cruve)(ooc A1aQOoPIaIun oLVAPTNGOT KATAVOMINC
TBOVOTNTAG Yia TNV TUXaio PETABANTA X, TOTE N OLVAPTNON TILKVOTNTAG TiIBavVOTNTOG f,

opiletal wg dF, (x)
f<X>:FxI(X): o
dx




AOKINOEIC TN oUVAPTNON TTILKVOTNTOC TIIBAVOTNTOC

1. Aivetal n ouvaptnon f(x) = 3x2, x € [0, 1] kai f(x) = 0, x € R — [0, 1].
(a) Na dcigete ot n f eivanl cuvaptTnon TTLKVOTNTAC TIIBAVOTNTOC VIO Hid CUVEXH T.M. X.
(B) Na Bpeite tn ouvaptnaon Katavoung F, Tou avtioTolxei 0Tn ouvaptnan mukvotntag f.

(Y) Na avoTtapaoTAOETE YPAPIKA KOl VO UTTOAOYICETE OAYERPIKA TIC TIIBaVOTNTEC P(X < 0), P(X < %4),
P(X < 1), P(X > %), P(X > 3).

\
3t 02xet @ F670 qurpa SF("’O‘x 3t g

‘F( f:onn
¥) = { 2
0, Mee. [ @) F(-Pexe ) Fua
0, x<0 o o
(3= 3 0< x< | Txokeo SRILNN
r, 2= A xelon) . Fx(}):gﬁﬂdhgoz’c%%-i\):x.
] x>1 e

’ ' Av x> Fx (x)- P‘X"”) - X'b ‘;Q‘A&a | arm



® P(x<0) = F (0)- 0

Mxe5)=Rld)= ()
J
2

P(x< ’c%) - Fx C%)’

P(375) = 1-Fe(d)-1-% ;_%

»

F(X>3) - 1’FX (3) - 1-'1 =0 FC)(éo) - SOFCQ)OHT‘/O
P(re£)

aaaaa



AOKINOEIC OTN oLVAPTNON TILKVOTNTAC TIIBOVOTNTAC

f(x) = 3x%, x e [0, 1] 3

25

0.5




AOKINOEIC TN oUVAPTNON TTILKVOTNTOC TIIBAVOTNTOC

2. Aivetan n ouvvaptnon f(x) = x3/ 4, x € [0, c] kai f(x) =0, x e R — [0, ¢]. Na Bpeite Tnv TIPn tov ¢ yia
TNV ortoia n f yivetal cuvaptnon TTLKVOTNTAC TIIBAVOTNTOC VIO hia cLVEXT T.J. X.

.2&, ' (:) fE; : C::L »
‘F[ > Y X£c¢ J
x) - |
O/ a Mol D@au g H}c}o@x: | & g —)(flo!xﬁfl <
C z 0 y
y Y
G ’TILH >|@T’g.(cq-ov>k—a c:lbec=T\le =22
o

AM&] ¢ >(97 deq c,i’
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AOKINOEIC TN oUVAPTNON TTILKVOTNTOC TIIBAVOTNTOC

3. Aivetal n ouvvaptnon f(x) = x + 1, x € (-1, O] kau f(x) =1 — x, x € [0, 1).

(a) Na dcigete ot n f eivanl cuvapTnon TTLKVOTNTAC TIIBAVOTNTOC Piag oLVEXOLC T.JU. X.
(B) Na Bpeite Tnv avtioTtoixn ocuvAapTnon KATavounc.

(y) Na Bpeite tn ouvdptnon Katavopung NG T.u. Y = 2X + 1.

© {
X‘[—l xe(- 0] @) ) >0 Ko g 'F(),)o!x = g(ngvﬂbc +g(|-x)o\x

‘F(x);g
{-x, xelo &
R ). —’*‘"\ ,,x-:;\ =-3: 1
@) FG):SF"&)M ° .
)( ‘{>. va )(é%[;o ‘) 11,’:.<;S’\\\S (&?fv) ‘ ‘{th
AVXC'I F(,’,,O 7:; o

.-§+Y-
A\ xe (1,0) F(,LS&U&& ‘L*-»’cl %+x+ Av x>1: F (0-1

AaALTN



(@) V=AX
K G)= P(Yen) = PXe1 € x) = PRX < x- 0=

:?(X‘ ) FC ) y 2 Y5t
Av. 1%4-\, F;/(x)>O \ >

w x<-\ 9 X
Boexdep RO (), a0 ent x

, ) 5 '2 %4 <

w ~1ex<
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AOKINOEIC TN oUVAPTNON TTILKVOTNTOC TIIBAVOTNTOC

4. Aivetal n ovvaptnon F(X) = (x + 1)%/4, x € (-1, 1).
(o) Na d€igete o1 N F gival ouvaptnaorn KAtavourc yia KATIolo ouvexn tuxaia hetaBantn X.
(B) Na Bpeite Tnv avtioTtoixn ocuvAapTNon TTVKVOTNTAC TIOAVOTNTAC.

AaALTN



[[EWUETPIKA XAPOAKTNPIOTIKO Katavounc



Avapuevopevn (N Meon) Tiun T.M.

OpIoHO6C
H avoapevopevn Tipn (expected value) piog Sl1oKpITHC Tuxaiag HETABANTAC X
opideTal w¢: E X

E(X)= Z Xfy (%)

AvTioToIxXa, N avapgevouevn TN yia hia ouvexn TM, Y opietal wg:

E(X)= f xf, (x)dx.

— 00



Avapuevopevn (N Meon) Tun T.M.

Noapadeiypa 1
Av X = {10 amoTtéAeopa NG PiPng evog (aplov} ToTe

Xx,=1,x,=2,X,=3,X,=4,%x,=5,x,=6,kaf,(x)=1/6,i=1, 2, .., 6, apa

E(X)=1-1/6+2-1/6+3-1/6+4-1/6+5-1/6+6-1/6 =21/6 = 3,5.

—

f(x)=1/6,x =1, 2, 3, 4, 5, 6.
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Avapuevopevn (N Meon) Tun T.M.

Noapadeiypa 2 1/3
AVXUMLMUE&MHiW):Z&I,XZO,LZ,mfmm

E(X) = Zaso0 M(N) = 1/4 Zas0 N(3/4)"
= 1/4 51 n(3/4)"
= 3/16 3,21 N(3/4)™
= 3/16 [1/ (1 — %) = 3.
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Avapevouevn (1 Meon) Tun T.M.
Noapadelypa 3
Av X ouvexng ye o.TLT. f(x) = 3x2, x € [0, 1] kat f(x) = 0, x e R — [0, 1], tot¢

E<X):T xf (X dX—fX-(SX dx—3fx dx_i




1010TNTEC avapevouevnc TIuNg E(X)
1. MNa kaBe A € R kat yia KABe t.u. X gival E(AX) = AE(X).
2. H avapevopevn tign €xel tnv adpolotikn idiotnta: E(X + Y) = E(X) + E(Y)
3. E(M = A (€101Kn) TtepiTTTLwoN TNC 1 yia X = 1 Ttavtov).
4. Av g: R - R kuptr, 10T E(g(X)) 2 g(E(X)).\§

5. Av g: R - R koiAn, 1ote E(g(X)) < g(E(X))



NOopoc¢ twv Meyaiwv ApIBUwY

H avapevopevn Tipn dgv €ival n idia Evvola e TN Eon Tipn 0Ttw ouvnBw LTToAoYIlETal
OUTI WC APIBUNTIKOC YECOC.

H péon TIpr ava@EéPETal 0€ OLYKEKPIPEVN LAOTIOINGN €VOC TIEIPAPOTOC YIO KATIOIO TIANB0C
ETTAVAAAYPEWV EVW N OVOPEVOUEVN TIUI LTTOAOYICETAL OTTO OAEC TIC BEWPNTIKA
OVOUEVOUEVEC TIMEC KOl TIC OVTIOTOIXEC TIIBAVOTNTEC UE TIC OTIOIEC PUTTIOPEI VO cLUPBOLV.

Mo Ttapadelyua, av pi&w eva (apt 10 opeg kal pépw 1, 5, 3, 6, 6, 2, 2, 3, 4, 1, 101e N
MEON TIUN TWV TTapatnprocwy cival 33/10 = 3,3 1toL améExel kata 0,2 aro TV
avoEVOEVN TIPn (TTou ivait 3,5).

Qo1000, av Pi&w 10 id10 {apt N popéC e N — oo, TOTE, ETTIEIDN N TIBAVOTNTA EPPAVIONC VIO
KABE apIiBuo eival n idla (1/6), pakpoTtpobeoua, n YEoN TIPA Ba TIpooEyyioel TNV
OVOUEVOUEVN TIUN.

AUTO TO YEYOVOC Eival yVwaoTo Kal w¢ NOpO¢ Twv MeydAwv ApiOuwv.



AOKINOEIC OTNV OVAUEVOUEVN TIUN

Aoknon 1

Av X = {10 amtotéAeopa ¢ piPnc evog (aplov}, va Bpebei N avapevopevn Tiun INg Y = X2,

oy X=1% 4,600 Exldz o xetto b
Bpeite mpwta v fv. y B SR |
y 1 9, g (-l S;Q

- 2 X
FOZ g Py ) s L e T g S g s

%( l+4+9+16¢9S+3 ¢ - l =189 .

AaALTN



AOKINOEIC OTNV OVAUEVOUEVN TIUN

AokKnon 2
AvX=0,1,2,.. kf(0)=1/2, f(1)=1/2, f(n)=0,n>1, 101 va Bpebei n E(X).

AOon o P(x =0) X =1) PX =w) w>{

B0 Z % Fy(n)e O+ & 7 s
o



AOKINOEIC OTNV OVAUEVOUEVN TIUN

Aoknon 3
Av E(X) = 2 kat E(Y) = 1 va BpeBei n avapevopevn TipR g Z = 2X - .

A0on

E(2)- E(&X=-Y) = RECX)-EN =K 2-1=3



AOKINOEIC OTNV OVAUEVOUEVN TIUN

Aoknon 4
Av X gival pia T.4. pe E(X) = 1 101€ va Bpebei 1o tpéonuo ¢ E(In X).

A0on



AOCKNOEIC TNV OVAUEVOUEVN TIUN

Aoknon 5

AIveTal n ovvexng T.J. X Y€ O.TL.TT. f(x) x3/ 4, x € [0, 2] kal f(x) =0, x e R —[0, 2]. Na
BpeBeinE(X). T T oo oo

t 3 ¢ ¢ ¢ 32

s . x - X - X s . T—=
EC) S x- T, () /g X ,.ﬁ LT T L6
- o o

r
[———




AOCKNOEIC TNV OVAUEVOUEVN TIUN

AoKnon 6

Aivetal n ouvexnNC t.Y. X pe o.Tt.7t. f(X) = x + 1, x € (-1, O] ko f(x) =1 — x, x € [0, 1). Na
Bpebei n E(X).

AaALTN



AOCKNOEIC TNV OVAUEVOUEVN TIUN

Aoknon 7
AIVETAI N CLVEXNC T.J. X UE O.K. F(x) (x + 1)2/4 X € (-1, 1). Na BpeBei n E(X).

T e e e -

\
Ly
Ety j o Gade = x 2 dr L(EeE)]
5 \ 3
> L
SRR

x /
Fxcﬁav&mae - F -4

%/
tx (4)= (QHTD) ‘L Q) = X e xey



Erukpatovoa Tiun kot Alapeon Tiun



Erukpatovoa Tun Kot Alapeon Tiun

AUVO OKOUO PETPA “BE0NC” piag KATAVOMNC €ival 1 ETIKPATOVCO TIUH KAl 1 SIAUET TIUN.
Av X gival pia T.p. kat f, n guvaptnon (padag r ukvotntag) meavotntag, Tote:

ETukpatovoo tipr (mode) tng X gival To/ta X € R 10 OTI0i0 JEYITOTIOIOLY TNV TIUN NG f,.

Aapegon tipn (median) g X gival 10 X, € R yi0 T0 0TT0i0 10XVE!
> i (x) <05kt Y f(x)=0,5

X < X, X > X,



Erukpatovoa Tun Kot Alapeon Tiun

Aoknon

Av 10 TIeipapa gival n piyn 2 (apiwv Kal X = {10 aBpoloua Twv dL0 piPewv}, ToTE va Bpebouv:
(a) n eTuKpatovoa TP M.

(B) n diapeooc O.

AOon

AaALTN



AlaKLpavaon Kal
TuTtIKN ATTOKAION



Alakouavon T.M.

OpIoHOC
AlokOpavon 1 dlooTtopd (variance) piog TUXGIG%USTGB)\I’] ¢ X opicetal va €ival n
TIOCOTNTA: - i (xi-4)" PX=x:

=Var X = E(X M)3, OTIOU M = EX

P—

ATI0dEIKVLETAI 0TI, 02 = E(X?) — W2, 6110V M = EX.
——

ATTIO0EI1EN

Eival (X — )2 = X2 — 2uX + p2. ATIO TN YPOUPIKOTNTA TNC AVAUEVOUEVNC TIMAC, TIPOKUTITEL
E(X —p)? = E(X? = 2uX + 1)

= E(X?) — E(2pX) + E(1?)
= E(X?) = 2uE(X) + p*
= E(X?) — p2.



Alokopavon T.M.
Av X 810KPITA T.M. Kal fx, N O.JU.TT. TOTE V‘VCX) E(X ){909:)

0® =E[(X — p)’] = ;(X—u ZX Ay

™

Av X ouveXNg T.M. Kal fx, N O.TT.TT. TOTE

o’ =E[(X —p)’]= ]i(x — U (x)dx = ]1 x“f, (x)dx — p°.

/




TuTtKnN arttokAlon T.M.

AV n Tuxaio HETABANTH dNAWVEI KATIOIO (QUOIKN TTOCOTNTA, TOTE N dlOKLPAVON
aTT0dIOEl TNV “dlIa0TIOPA” TWV TIBAVWV TIUWV TNE O€ HOVADEC TETPAYWVIKEC
OUTWV TIOL AOPBAVEL N TUXaIO PETABANTH. O LTTOAOYICHOC TNE TETPAYWVIKAC
pidag TNE SloKLOVONC AVVEL OUTO TO TIPORBANUA TIPOCEPEPOVTOC EVO HETPO
OO0 TIOPAC TIOV IOTOPIKA KATAOEIXONKE WC TO TIAEOV ONUAVTIKO.

OpIopOoG
TuTukn armokAion (standard deviation) piag tuxaiog petafAnTiC X opidetal va
gival n roootna:

o = VVarX, 6mouv Var X = E(X - p)?, kou p = EX.



AOKNOEIC oTNV dloKLHOvVON

Aoknon 1
Av X = {10 atmmotéAeopa NG piPng evog (apiov}, va Bpedouv ta VarX, o.

A0on ‘
=1,230,5¢ 1 (= .

E(x)= 1. ié» -t~°b-!€ t -t C--% =3

v 2 % \ ] L
E(x*)=1 Loetpe o+ (g ;JZCMH% Ibe2s436) < I - 15,8

1
Var (¥)= €08)-{Ecm ] = 152 -3, < 396,
0 Wdm = {295 = 1,3%



Egx) = i gUfcids s 2 g0 T
Aoknoelc otnv dlokupavon

AokKnon 2

Av X ouvexng T.J. pe o Tt f(X) = x + 1, x € (-1, O] kau f(x) =1 — x, x € [0, 1), va BpeBolv

Ta VarX, o. o

A X e & %l

von Xl e %20 - £( )= g v).c dx = .)1( (Xﬂ)dx*g dx

\7(, 0()‘41 < l+1}| + x_?f)b:’_-—’-f.-L--L;O
L =TT N T A A
1.?(’40\ f (0] X)_xy {

B0+ x»ix(mua”\x(f«uﬁ--f—)+~5 E

v - N

:_.L.‘._L- ‘L-.L—

5t T T ;-}-J{ > -é— . Bpa, VMCX)/tECx’){ﬁw]’: ‘\C

0': “/W(N? - % GAUTN



|1d10TNTEC Var(X)

Ol BaoIKOTEPEC 1DI0TNTEC TNC dlaKLPavVONC ival ol €ENC:

* Var(X) >0

 Var(X) =0 - utapxel X, € R, 1€1010 wote P(X =X ) = 1.
* Var(X + a) = Var(X).

* Var(A) = 0.

* Var(AX) = A>-Var(X).



ACUUMETPIO KOl KUPTOTNTO KATAVOUNG



ACULUUETPIO KOl KLPTOTNTA KOTOVOUNC

ADO OKOUO YEWUETPIKA XAPAKTNPIOTIKA PiOg KATAVOoUNC TI8avotntacg ival ta
e&ng:

* O ouvteAeoTC aoLppETPInG (skewness)

skew (X) =y = E[(X —n)] _ E(u)3

0-3

* O ouvteAeoTtig KupTOTNTOC (KUurtosis)

4

kurt(X)=a = E[(X W) _ E(—X —H
G




ACULUUETPIO KOl KLPTOTNTA KOTOVOUNC

Aoknon
Av X = {10 attotéAeopa ¢ piPnc evog (apiov} va Bpebovv ta y, a.

X=133u6,6 . pe2S=EW]

K“M 2 [(M §) -4 (239) 7 —r(g,m’%}o
o 1}%

oL/_CC_).__X’J s___\.U[ 3,5) J—-&C"Iflﬂ -Lt -!*CG;‘S) J -
o 3¢



ACULUUETPIO KOl KLPTOTNTA KOTOVOUNC

Aoknon

Av X = {10 attotéAeopa ¢ piPnc evog (apiov} va Bpebovv ta y, a.

O 01 A WO DN P X

f(x)
0,167
0,167
0,167
0,167
0,167
0,167

X - EX
-2,5
-1,5
-0,5
0,5
1,5
2,5

(x — EX)?
6,25
2,25
0,25
0,25
2,25
6,25

(x - EX)®
-15,63
-3,38
-0,13
0,13
3,38
15,63

(x — EX)*
39,06
5,06
0,06
0,06
5,06
39,06

EX
VarX
StDev

3,5
17,5
4,18

0,05



[CEWUETPIKA XOPAKTNPIOTIKA KOTAVOUNC

>ovoyn:

* H avapevopevn tipn EX, n diduecoc & Kal N eTtikpatovod TR M ekppAadouv 10 “KEVTIPO
TNC KOTOVOUNC TWV TIHWV.

* H diaottopd Var X ek@padlel T0 “ATTAWHA” TNC KOTOVOUNC TWV TIHWV.

* O OULVTEAEOTAC OICLPPETPIOG Y avIXVEDEL TNV UTTOPEN “oLPAC” TtPOC Ta deId (Y > 0) I Ta
aplotepd (y < 0) 1} 1IcodLuvaua v OTTOPEN TIMWV PE 1I01GWV PEYEDBOC.

* O OULVTEAEOTAC KLUPTOTNTOC O TIOOOTIKOTIOIEI TO PLOPO PETABOAAC TNC HALaC
TUBAVOTNTAC YUPW ATIO TNV AVOUEVOUEVN TIMA 1) 1I00dVVOUA, TIOOOTIKOTIOIEI TO “TTAGTOC”
TNC 0LPAC OEEIA N APIOTEPA ATIO TNV AVAUEVOUEVN TIUN.



— Pormtoyevvntpla 2Zuvaptnon

— MBavoyevvnNtpla 2Zuvaptnon



Portec tuxaioc YeTafANTNC

H EX ovouddetal 1" pottr) (moment) tn¢ tuxaiog eTafAnTNC X. MeVIKOTEPQ, N
n-oot poT1th (n-th moment) ¢ Tuxaiag peTaBANTAC X opidetal va gival

eEvw av P = EX gival n avagevouevn TP TOTE 1N h-00TH KEVTIPIKN poTtt (n-th
central moment) Tn¢ Tuxaiac PETABANTAC X opideTal va gival

M, = E[(X—EX)"] = E[(X —p)"]

Mapoatnpovpe ot EX =k, Var X = ..



My (4= E(e*) » (= e fedy v Z e poxey,)
POTIOVEVWRATPIO ZUVAPTNON

‘Eotw X pia T.4. (dlakpritr) i) ouvvexng). H pottoyevvATpia (moment-generating
function) Tng TUXaiag peTaBANTAC X opideTal va gival n ouvaptnon

M, (t) = E(e™), t € (-0, +o)

ATIO TOV OPIOHO TNC, Ol POTIEC Eival OLVTEAECTEC OTO AVATITLUYUO Taylor.

2
Mx(t) = E(Gtx) = E 1+Xt+%t2+...

= 1+E(X)t+ fEX D, D E(XT) ¢ i E_ "

M 2 ' n=0 n '
%= E(X) ¥~ %
AIAAE
Znuaooon » Var X = ¥a - ¥y
H portoyswiTpia ouvdptnon dev opileTal TIAVTA, KOBWCE ATtaITeTon N OTIOPEN TWV POTIWV KABE TAENC.
AUTO dev cupBaivel pe BeBaldTNTa, OTIWC Yio TIAPAdEYUO oTNV Katavoury Cauchy.



Portoyevvntpia Zuvaptnon

H ovouoaoia pOoTtoyeEVVATPIN OIKAIOAOYEITAl OTIO TIC TIOPOKATW
TIPOPAVEIC OXETEIC:

MDy(0) = EX, M®,(0) = E(X3) ..., M®y(0) = E(X").

ETUTIAEOV, OTIO TOV OPICHO TIPOKUTITEL OTI:
Moax +b(t) = eP'Mx(art)



Portoyevvntpia Zuvaptnon

Aoknon 1

Aivetal n diakpit) T.M. X pe o.p.1t. f(X) = 0,5%, x > 1.

(o) Na BpeBei n portoyevvntpia M, (t) g X.

(@ Na LTTOAOYIOTEIL N JEON TIUN Kal N dlokLuovon TN X.

(?) Na d08ei 0 TUTTOC TN POTIOYEVVATPINC TN TLXAIOC HETABANTAC Y = 3X + 2.

M NOE E(eex) Z e f“(rJ = Ze os s g@ﬁ'é) =

w-{-0

Af-j 13
Z (,O,S 6) = O'S-e : & t > Ose” I%&’L
{-o5e {-0,$e*

AaALTN



h
EO)= My©) , Var(y= € (%) = LEOOT, oo ECX)=ML0)

Me(9= 0S¢ M, (- 0,5¢-(1-05e) - 0-e. " (-05¢) _

|-05¢e Q/O)fe‘jt
- ;O)§e>
(1-0,5¢)"
0, o5
Do ECX) /M (0) = Lo e 2

I I
My () < ( Ose ))’ o ver )M ©) ra .
Va\rCX): M !(9)’@‘4!(05) ST e



Portoyevvntpia Zuvaptnon

Aoknon 2
Aivetal n T.M. X pe portoyevvrtpla M, (t) = exp(e' — 1). Na BpeBolv 1a EX, VarX.



Portoyevvntpia Zuvaptnon

Aoknon 3
Aivetai n T.M. X pe o.1.m. f,(X) = 8e**~9. x > a 610U a, 6 > 0. Na BpeBouv ta
Fx(x), M, (1), EX, VarX.



PoTtoyevvrjtpia Kot cuvaptnon KATavoung

H pomtoyevvntpia cuvaptnaon M, (t) = E(e™), t € R, otav uttapxel Kal opiletal
KOAWC, TIPOOIOPIEl TIANPWC TN oLVAPTNON KOTOVOUC.
ATIOOEIKVUETAI OTI:
Oswpnuo
Av X, Y gival dV0 TUXAIEC HETABANTEC TETOIEC WOTE
M, (t) = M,(t), te R,

TOTE Ba gival Kal
FX(X) = FY(x), X € R.

> nueiwon
H amodeign tov Bewprpatog sival diaBEaiun e0w:

https://math.stackexchange.com/questions/458680/how-to-prove-moment-generating-function-uniqueness-theorem



&) - Z “PX=x)
I'Ileavoyavvmplcx ouvapTnon

‘Eotw X pia diakpIth ueTaBANTA TTOU AauBaver aképaieg TiuéS. H
moavoyevvATplia cuvdapTnon (probability-generating function — PGF) tng 1.u. X
opileTal va gival n ouvapTtnon

G,(z) =E(2")= ), f,(n)-2", émou f,(n)=P(X =n).

n=0

KaBwg 0 < P(X=n) <1, neN, nouvaptnon G, ouykAivel TTavTa yia KAoe |z| < 1.
Eival woTtdéoo 1mlavo va ouykAivel o€ Xwpio JEYAAUTEPNG AKTIiVAG, AaKOUA KAl OTO
oUvoAo Tou piyadikou etmirrédou C.

2 NUEILOEIG

1) H mBavoyevvnTtpia ouvapTtnon G,(z) otn cguvéxeia Ba agloTroindei wg dia TTpayuaTiki cuvapTnon Yiag TTpayuaTikng HETABANTAG.
2) H mBavoyevviTpia G, (z) ouvdéetal ateva pe Tn potroyevviTpia M, pe 1N axéon G,(e') = M, (t) ) 1c0duvaua G, (z) = M, (log z).

3) H mBavoyevvhTpia UTTopEi va OpIOTEN Kal yia T.J. TToU AduBAavouv Pn akEPAIEG 1] apVNTIKES TIMEG, ME TTPOCOXN WOTOCO WG TTPOG TN
OUYKAION TNG aTtTelpooelpag. Mia oxeTikr) oulrTnon TTapoUCIAleTal E0W:
https://stats.stackexchange.com/questions/107479/probability-generating-function-for-negative-values-of-random-variables



[TIBavoyevvNTpIia ocuvapTnon

Aoknon
Av X =0, 1,2 ue f(0) = %, f(1) = V4, f(2) = V4, va Bpebei n Gx(z).

G’C?z) E(=27)= Z-F[o)—fz f/(L)-fz F(%)*1—+z —q+z ,’_’

- T““LZWL‘('%)



I'Ileavoyavvmplcx ouvapTnon

H ouvaptnon G ( Z f Z , OTO XWpIio TToU opifeTal KAAWG,
TTapaywyideTal we Cne:
G (z)=%,_.,, n:-P(X=n)-z""
=PX=1)+2-P(X=2)z+3-P(X=3)z%+ ...
G® (z) = 2 _,5 N-(n=1)-P(X=n)-z"2
=2-PX=2)+ 6:P(X=3)z+12:P(X=4)-z2 +
GO (z)=%,_,, n-(n=1)-(n-2)-P(X=n) z"?
=6-P(X=3)+ 24-P(X=4)-z+60-P(X=5)z?+ ...

GW (z) =%

X n=k, k+1, ...

nt/(n—k)!-P(X=n).z"-k



[TIBavoyevvATpIa KOl cuvapTnon TMOavoTNTag

H ovopacia “m@avoyevvnTpia ocuvaptnon” yia Tnv G, (z) dikaioAoyeital atro Tig £§AG 1010TNTEG:

G,(0)=2 _

0,1,.

P(X=0)-0"=P(X=0) nP(X=0)=G,(0)

G (0) =% n-P(X=n)-0"=P(X=1) 1 P(X=1)=G" (0)

n=1,2, ...

GW.(0)/ Kkl =1/K - = n!/(n—k)! - P(X=n)-0"-k=P(X = k) P(X = k) = G®_(0)/k!

n=Kk,k+1, ...

2 UUTTEPAIVOUUE OTI:

H mlavoyevvATpia cuvdapTtnon G,(z) Tng d1akpITAG TuXaiag HeTaBANTAG X,
mpoodiopifel TANPwWG TN ouvaptnon mlavornrag f (n) =P(X=n),n=0,1, 2, ....

Id1aiTepa, av yia dUO T.J. PE TIUEG PUOIKOUG apiBpoug X, Y eival G,(z) = G, (z), T0Te Ba €ival
kai f, (n) =f (n).



[TIBavoyevvNTpIia ocuvapTnon
Aoknon

‘EoTw X JIOKPITA T.J. TTOU AQUPBAVEI TINEC QUOIKOUG apIBUOUC JE TTIBavoyEevVATPIO
ouvaptnon G,(z) = z(2 + 3z%) / 5. Na BpeBei n ouvaptnon meavotntag P(X = K) NG X, K =
0,1,2,...

_ . Y
Y16d¢eign: YmoloyioTe Tig Tlp@(O) / n! yia S18QOPEC TINEC TOU N. G‘C'Z) < 2 Gi“g‘b )/{
’
P(x=0]: 6x@=0. GG L(3+92Y)
/ 2 /
P(x=1) - 6l0)= G (=
6‘;&(0) /i
P(Xv%)@ T z 1(: G—»C - _\%-
P(X‘/J)? —C-Q) s \/;9 - 3 %
3) g R) - Vi’r“‘
P (% w)=0, w2y c G Y ©)



[TIBavoyevvATPIa KAl YEWUETPIKA XAPAKTNPIOTIKA

H ovopacia mTi@avoyevviTpia aiTIOAOYEITAI KAl ATTO TIG TTOPAKATW 1010TNTEG

Av uttapyxei 1o 6pio lim__ GW. (z) kai lim_ .G, (z) = GU), (1), 167€ yia Tnv mBavoyevvnTpia G, (2)
IoXUOoUV Ta €€NAC:
* EX) =2 _,, k-PX=x)=lim,_ G (z) =G (1)

EX-(X=1)...(X=n+1))=%
* Var(X) = E(X — E(X))?

= E(X?) - (EXY’

= E(X(X = 1)) + E(X) = (E(X))?
L, GO(2) = [lim, _ .G, (Z)]°

— G(Z)X(1) + G(1)X(1) — [G(1)X(1 )]2

K/ (k=n)! - P(X=k)=Ilim__

K=n, n+1,

=lim,_G® (z) + lim_



[TIBavoyevvATPIa KAl YEWUETPIKA XAPAKTNPIOTIKA
2XO6AI10

H emAoyr) opiopou TG G w¢ piyadikr) ouvapTtnon aitioAoyeital atro
ATTOTEAEOUATA OTTWG AUTO:

Av X: S10KpPITH T.M. TOTE
P({X eivai TToAAatTAGo10 TOU 4}) = (Gx(1) + Gx(i) +Gx(-1) +Gx(-i))/4.

H amrddeign aclotrolei To yeyovog OTi ol apiBuoi 1, i, -1, -i gival o1 4% pifec TNG
uovadag.

Mia atrodeign sival diaBeoiun edw: https://math.stackexchange.com/questions/3213142/root-of-unity-filter



[ papIkn Zuvown

Tuxaio MetaBAnTH s

X > UVOPTHOEIC

Zuvaptnon Madag Meavotntag f,
Zuvaptnon Katavoung F,
Pottoysvvitpla
KI_IIGO(VOVEVVF']TpIG

Katavoun Tigwv

/ FEWMETPIKA XOPaKTNPIOTIKA Katavounc

Avapevopevn Tiun

, ,
Ef u,uapeue.ruga_'liq.hq'
AlokOpovon
TuTuKN ATTOKAION
PoTtég — KeVTPIKEC POTIEC
> UVTEAEOTNC ACLUPETPIOG
\\ZUVTS)\SO’TI’]C Kuptotntag




