Ilivaxec-T"'poppind cvotiuato.

1.1 YwevBopicers: Mo ooty emogy) pe ta Fpoppind suotipata.

TrevBopilovue ét pia evBeia 010 eninedo mopLoTéVETAL PE TYY (ypoppixn) eElowon

az + by = c, 6mov T a, b € R Sev eivor xow toe Vo pndév.

Emtiong éva eninedo otov (tpudidotarto) xtpo maptotévetan pe ™y (Yoauuxh) ekicwon

ar+by+cz = d, 6mov 1 q, b, ¢ € R Sev sivor Ao pndév.

Fevird po “Exppoon” g popeyig

1Ty + 9Ty + - + 0,35, = d (x)

6mov Tat a;, d € R ovopddeton yoopmxy eEicwon pe TpoyUoTxods CUVTEAEGTES Tot a;,
otallepd 6po Tov mpaypotixd apdud d xouw petafAntéc o z;.

0O 6pog "petoBintég ” éxer emxpatioet xaf’ 6T o eElowoeic owTég mpoxvTTovy (oU-
vilog) amd mpotind TpofAfuota 6o avolnrodvron (mparypatixot) aptbuof k;, o. omoiot
av "tontobetnBolv” ot B€on Twv avtioToiyxwy z; xouw yivouv oL Tp&Eels oo TEWTO UEPOC,
EXOULE LOOTTO TLOOYROTLXWY oLy,

Meowm(Srawetonypévn) n-adoopiudv. (ky, ky, ... , k), (av vnépyet), 7 OTOLOl LXOVOTTOLEL
v ekicean (x), BerovepdleTtonr Abon e eEioneTe:

H avalhmon tng Sroplng ASaewy, %ot Tob TRoBLOPLOUOD TWY, ULOE YOXUULXTC eklowaong
etvo onpovtind TEOBAMUa xon Ba pog amooyoMioEL oTa ETAUEVAL.

Hapatipnon 1.1.1. O dpog ypouuw) ebicwon éxel emxpatioe, Sidt dlec o pueToBAn-
TEG eupavifovton e TPty SOvouy, xaw Oyt we petafintéc dAiwy OUVRPTNOEWY, 7 W¢
ywoueve UeTaED Tovs, T TREdSeyus n 1 etivwaen

357 + 2z, 7y — /T — Inz, = 4 Sev even yoouusd i ...W&pat TOAAOUS Adyoug.

Eniovg, ovopalovtar mpayuatixés ypouuxés ekodoes, Si6t ot ovvtedsoTéc a; xoun 0
otabepds dpog d elvou moayuatixol opbuol. Oa uropoboay va eivar xat uryadxol aptbuol
(drnwg Ba Sovue; apydrepa) mpos To mapdv Ba vroléTovye. Xwpls WOwiTepn uveior, ot
mpdxetou yiar mparyuxtixols aptbuois xou Ba wdue amide yio yYoouuwés stiodoeic.

Hptv mpoxwpfioovpe oo eMOPEVX 0ig BODUE TPWTR EVal TROESELYUA.

Hapdderypa 1.1.2. ‘Eotw o ypauuxés stiodoeic

20 -3y = 2 xon

—z 42y = 1.

Av bewpioovue xdle o Eexwpiotd xau avalyticovye tic Aboeic e, Ba Sodue ot
xabe (Datetoryugvo) febyos g popeic (A, 2/3M —2/3), ue A € R amorelel AVay THg
Tpw g ebiowons. Onwg eniong xdbe (Swxtetayuévo) febyos tns uopwic (k, 1/2k+1/ 2)
ue Kk € R amotedel Aboy ¢ debtepns etioworng.

Av Oeijoovue ver Bpodue (av vrdpyer xar mole elvar) xowy Abon xou yix Tig dbe
ebloddoeis (b ovvatnbebovy), o Sodue ebxoda (610 TLYxEXPWEVO Topaderyue) Tt v
z =T,y =4 (xow udvo yi* awtés i Tés ) o 8bo eliodsaeic ouvaAnfevouy.

Av Bedioovue v Sobue “yewuetpixd” o mpdBinue. Oa Sodue dti, %’ doov xdle
pwor eglowon moplotd pa evleior oo eninedo (ue To oUVoAo TwV Aboewy ThHe va amoteAst

’



Kepdrowo 1. Mivoxeg-Ipoppund cuotinoto.

Ta onuete g evbelog avtiic), 1 xowh Ao xat twy 8bo eliodoswy Sev elval Timote dAlo
and to (uovadixd) onueio Tours Touc,

Metd to Tapdderypa ow1é umopodue vor Shoovpe évay Yevixb optoud:
‘Evo (emepaiopévo) ohvoro yoayluixdy ekiotoswy (ue o (Sto TARbog petafBAnTdY 1 xébe
pea) o ovopdleton Tpoppixd Tdotue xow Bo mopLoThveTo we ekng:

au.’rl +a12£2 + e +a1n1"n =] bl

Qp1Z] T+ Aoay + -+ + 09,7, = by

Um1T) T Gy + = + G, T, = bm

Omwg Brgmovpie éva Ypoupixd cbomua “mpoadiopiletor” amé Toue OUVTEAEOTES a,; XOUL
Toug atafepodg dpoug by, oL omoiol eivan wpoypoTixol cELBuOL. Xopnoworoobpe Strhole
BeixTeg 0T0UG OLVTEAEOTES, BLOTL Pe TOV PN TO BeixTy Ohovpe va dnAdicovue ™y ekicwon
ot omoix Bploxduoote xow pe tov SebTEPo Seixtn SNAGVOLuE TTOLOC petaffAntng etvor
ovvteAeoTig (). 0 ayy elvo cuvteAeotig g peTaBATic z, oty Seitepn efiocwoyn Tou
OLOTAHUOTOC).

To mpomnyobuevo abotnpa ' eivar éva obotue e m To TAHBOC eELowoelg xou n To TARbog
YV aTous, pdAota 3e ouvifug Bo avapépetar wg éva m x n cboTHUL.

Trt* o] v éwvota pie Yoo eElowon. pe n o mifog uetofAntég, Dewpeiton éve
1 x n obomua.

Mo Srotetoryévn n-oSoe(§py Ea v &) TOOYLOTIX DY 0pLBUGY Bo; ovopdletor AbGN TOL
GUOTAP.OTOS, OV AVTIXXTXOTACOVUE XGBe PETOBANTH =, We Tov apLbu.o &, Tote 6Aeg oL eEi-
OWOELS TOL TUOTHULKTOS LXOVOTIOLOOYTOL.

H avalimnon woag Mong evég ouotipatog amoteel éva xbpLo TEOBANLa otoe Mabnuo-
TG xou e auté Ho ooxornBobie (oxeddv) amoxietoting oo M&bnuo awté *.

Orav €vor odoo Exel TOLAGLOTOY piet ADGT, T6TE ovopdleton ovpBotd. AopopeTind
ovoualetal pun cupBoto.

(H mhéov 86x1pun oporoyia eivar: ZouBatéc yoouuxéc eklotoeis. )

Nopodeiypota 1.1.3. 1. Eotw 10 obotnua

Jz—3y =3

2v -2y = 4
"Hlopoatnoolue™ ot av vmjpye wer Aboy, éotw (a. b). Tou OLUOTHUATOC AUTOU, TOTE
and ty debtepyn abiowoy Oa ciyaus o1t a —b = 2, ondre noldanlacialovrac xo

Ta dVo ugdn pe to tpix Ba eiyope 6Tt 3a — 3b = 6. And v npdTy eiowon duwe
EXOVUE, OTL TTPETEL Vor woyVet 3a — 3b = 3.

Erougvws BAEmovpe ot Sev urdpyer Aoy yix 0 cboTnue autd.

2. 'Eotw 10 olotyuo

3z —3y = 3
—22 + 2y = —2

'Eneid1] e3¢ Bot avaupepbuoaTte amoxAElaTIXG oE YOO uixd CUGTALKT, YLt AGYOUS GUVTOWINE, EVaL YPUULLKG
adotnuo Bo avapépetal amAng ©g GboTUA.
Tt Tov Adyo owTé ot uetafAntéc x, Hu OVORLELOVTOL XOl GYVWTTOL TOU TLGTHLKTOC.



Kegdiowo 1. Ilivaxeg-Toopuixd ovotipote.

"Hapatnpodue” dt xdbe popd mov éxovus wo Abay, éotw (a, b), Tnc TOWTNG
eklowons Tote auty alnbeder xar Ty Seitepy. MdAota Se, enady; xdbe Abon /s
npeTg eblowons elvar g popEis {a, a — 1) pe a € R, éyovue dneo o wARfog
Aboeig yior To gboTue autd.

3. Eotw 10 cbotnue

3x—3y+z=3
—2r+2y—2z = -2

e "rapatnoobue” ot 10 cboTyua autd éxer dmepo to TAboc Aboeic. Mdhore:
Se ot AVoels Tov oLOTHUATOG VTOU elvar TS UoEPHs (a, a— 1, 0) ue a € R.

Onwg PAemovpe amd T mponyodpeva mopadeiypoto LTAEYOLY CLGTALXTE, Tor OTolx
€XOLV 6VO piar Adom. Yrdpyovy cuatiuata, T omola éxovy dmelpeg AboeLs. OTwe LTTEEXOLY
X0 CLOTAUKTE, TO OTTOL eV EXOLY AVaOM.

Enopévws,. eyeipovtar ta kg epwtipato:

[y umopoipe vor amopavBodue 6. éva chotnue €xet, 1 Sev éxet Ao

LTy TEPITTWOoN oL ExEL AVOY, TG UTTOPODLE VoL TTPoadLoploovyue Tic AVGELS TOU;

270 TEONYOUUEVR TToPOBElYIOTOL "aMAVTACOUE” GTX EPWTAUATE OUTE " TOPATNEHYTOC”
To oLOTAPOTEL, BeFOREVOL OTL 0 aPLBdS TwWY aYVWMoTWY XaL Twy eElotoewy froy utxpog. Ac
dodue évar axdun ToEESeLyLo:

Nopéaderypo 1.1.4. Alvetat to obotqua

3z —3y+z =3
20+ 2y—z = —4
T+2y—2z =2

Edd BAemovus ot Sev elvan ebxoldo pe “amdi mapationon” va amopavBolus av to
ovotnue Exet Abon(etg) xon, 0Ty REPIMTWON TOL EXEL, VoL TV TPOGSIOEIGOVYE. Enougvws
TPETEL VO EQYOOTOVUE [eB0SL.

1. Holdardecigfovpe Tty tply ekiowon (xou ta b0 uédn tg) pe 10 -3 xar THv
npocletovus oty modTy ekiowon. ondte mpoxUnTel TO GlaTHUE

Oy +7z = =3
20+ 2y—2 = —4
T+2y—2z = 2

2. X7o abotiuo mov mpoéxue, moAdamdacidlovus v Tty etiowon (ko T Svo
pEAn tg) pe o -2 xau Ty mpoobétovus oty Seltepn eblowon, omdte mooxUmTEL TO
cuoTHU

—Oy+7z = =3
—2y+3z = -8
T+ 2y—2z =

3. Yro obotnua mov mpoéxvge, noAlarndacidlovue Ty debtepy stiowoy (eou Tar 60
pEAN TNg) ue To -9/2 xaw TNV mpoolétovue oTRY TPGTY eicwoy. omdte mEoxUTTEL TO
oooTHUO



Kegdowo 1. Ilivaxes-Ipoppixd cvotiuoro.

(—13/2)z = 33
—2y+3z = -8
42y —2z =2
4. Topa BAmovue ot ard Ty mpdty eblowon éxovue ot (avaryxaoting) z = —66/13.
Ondre avtixabiotdvrag otyy Sedtepn 10 2 = —66/13 yovue y = - = —AT/13 .
Tepor. avrixabiotdvrag oty tpity cklowon tor z = —66/13, y = —47/13 éyovue
x = 2—2(—47/13) + 2(—66/13) = - = —12/13.

Telixa, BAEmovus OTL TO apyxd oboTnue Exel udvo e Adoy
™V (2, y, z) = (—12/13, —47/13, —66/13). (Metét and moAb xdmo xaw ue tyv mbavdryra
va exovy yiver Adly, ywx tov Adyo autd va xdvete TRy emadifevay).)

1.1.1 ExniAlven yooupuixoy cvetipdtoy.

Meté and avté To mapdderypa PAémovue 6t LTTdpyEL M (EmITOXTI) oVdy®Y, OTL YLt Vo
AGoOLUE Evar ohOTHUX TPETEL Vo enmworoovue pia “Tevixd 1€0080 emilvong cuoTudTwy”.

Onwg eidape o 070 mEONYOLHUEVO TPASELY I Yl vor ETLASGOVUE TO Y% GHOTNUK
petofaivaye, otadtaxd, oe dAAX “anAoboTERX’ CUITLATA.

Enopévwg eyelpetar to epdymuo: Tyy oty mov éxovue 0o “Siapopetind” CLOTY-
pato Twg eEnopoaifovpe 1 bTapEn ( un BRaEEN) AVGEWY ToL EVAS CLOTHLATOS pac divel
am&yTNon yioe Ty BrtapEy (1 wn OmopEn) Aboewy Tou GAAOL CLOTALKTOC;

H Baown pébodog vty emidvon évog ovotipatog elvon vo UeTaoyuotilovpe éve
CUGTUG GE EVOL ATAOVOTEPO Ue T0 (BLo avoro Aoewv. Toio eidy petaoyUaTLoRGY TwY
YOOUUWY EVOC CLUGTALETOS g eEEXTQOALLOVY TNy pet&Baoy oe aboTua e To (8Lo GhVORO
AboEgwyY. '

(1) EvaAAldoovpe v Béon 8o eEiodoemy.

(i) TloAamAxoidlovpe pia sEiowon pe évoy pi undevixd optdud.

(iii) TlpooBétovpe to TOMaTAGOLO Utag eElowang oe wia dAA eEiowon.

Aagxnom. AetEte OTL TEAYOTL OL TREATGVL UETOOYNUCTLOWOL Pog eEEXPaA{ovy TNV we-
téPoon and éva gloTnuo o évaoe GAAO [E TO (810 oOvoro ADGEWV.

Onwg BAémovpe, n drapEn ko To TAKBog AdoEwy gvdg ovoTiaTog eExpTdTon amd TOA-
robg Tapdryovteg. ‘Omwg elvon to TAHog Ty ayvihotwy, t0 TARbog Twy eElohoewy koL
(PLOLXG OL GUVTEAECTEG TWY VMO TWY Xot ot otabepol dpot. Emopévme yio to abotnuo

a1y +(112.’L'2 A e +a1nxn = bl
Ug1%1 + AgeTy + - + ag,T, = by

A1 Ty + 0Ty + o tTapnt, = E)m

‘Oheg oL "mAnpogopies” Bploxovtal otov “mivesa”

Gy Qa0 Gy by
() @y v Qg by
A1 Qo 0 Qg bm

0 mivaxag awtés Ba ovopdletor o emawEypévog  mivaxag tov cvothuatoc (Eved, o
mopoAsipovpe Ty TeEAsLTAlo "OTAAN” TwY oTalEPGY dpwy. TOTE EYOLIE. ATTAGS, TOV THVaXK
TOL CLOTALOTOC.)

*H évvotatou mivoxa sivor Bepehiwdyg éwola otor MaBnpatixd. apyotepa Qo pedethoovus SteEoduns Toug
wivaxeg. B8y apxobpocte oty Stonalintie éwoln yier va mepLypdupovpe v ohoThueL.



Kepdrawo 1. Mivaxeg-I'poppixé ovotiuato.

Hpwv mpoywpnoovpe. Ba emtonpdvovpe 6t 6ty pag dobel évag mivaxoe, téte autdc
xoBopiler povadixd Eva cbotue, Tou oTolov 0 emawENUEveg Tivaxag ivon o Sobeic Ttivakoc.

3 -1 0 2 -1
Mopaderypo 1.1.5. Na tov nlvaxa | -1 2 —1 5 7
4 -2 -2 1 -3

T0 oUoTnue, Tou onolov enavEnuévos mivaxas eivor o Tivoxas auTde eivar To el :

3$l—$2+0$3+2$4 = —1
—x; +2xy —x3+ 52, =T
do) — 225 — 205+ 24, = —3

Emetd?. ou ypoypugg tou emavEnuévon mivoxo avtiotowoty oTig eELGHOELS TOL GLUGTH-
LOTOG, CUVAYETOL OTL, YLoL TNV ETHAVOY EVOE GLOTALNTOS, OVTL VoL EQUEULOLOVIE PETATYNUO-
TLOUOVG O7TLG YOOUUES TOL GUOTHGTOS YO VOL ETILTOYOVUE Ever OTAODOTEPD GOTTNLG [UE TO
{810 obvoA0 AboEWY, UTTOPOVUE Vor EQOEUELOLUE "aVEAOYOUS” UETOOYNLOTIOUOGE OTIC ovTi-
OTOLYEG YPOUMES TOL ETOENUEVOL THVOIXO YLO VX TTETOXOLUE Evay “amAoboTepo Ttivoxa”.
ZUYKEXPUAUEVO: ETOUG YETAOYNUATLOROUS

(i) EvaAAdoovue tnyv Béon Svo eblowoswy.

(ti) ToAhamAaoidlovpe wa ekiowon ue évav wn wndevixd apLdud.

(iii) TlpocBérovue o ToOAATAGOLO piog eElowong oe pLa dAly sElcwon.

avtxadiotodue v Ay efiowon cLOTALATOS e TV AEEN Ypouuh mivoxa xon éyovue
TOLG AVTIOTOLYOVS UETATYNUATIOUOUC

a) EvoaArdoovpe ty B€on ddo yoopuoy.

3)  TloAamhaotGlovpe pior Yoouuy e évoy un undevixd aptbuo.

v) Tpoobétovye T0 TOAATAGOLO (LG YPOUUAG OF Lot GARY YOOULLT).

HNoapoatienen 1.1.6. Ot tpeic avteée "eneufaoces” otic yoouués touv emavinuévou mivaxa
EVOG OUOTHUATOS OVOUGLOVTOL GTOLYELDOBELS HETOGYNILOTLOLOL YOXUUWY EVOc Trivaxe.

Ornwg Oa Solue apydrepa. owtol ot ustacynuotiouo! yoauuwy evdc mivaxa * eiveau
7OAD onuavTieol oty HeAETY TwY IBOTHTWY EVDS TTivaxa xal ) onuacia Toue “Eemepve”
TOL 0L TNG UEAETNS Mo THG ETIAVONG EVOC GLUOTHLATOC.

%70 ETOUEVO TOPGBELY PO TTopoLTiodeTon Tiwg oL 3V0 Siadixaaieg Batvouy TapdiniaL.

Hopéderypo 1.1.7. Oo Aboovue éver olotnue eQopUOlovTas UETROYXNUATIOUOVC, XaTd
Biuare, otg e&iodosg Tov cuoTiuaToS Xou TapdAinie, ota avtiotoye Biuota, o
AVGOVUE TO (810 TUOTNUA EQREUILOVTOG OTOYEWSSELS UETATYNUCTIONOUE YORUUGY TTOY
ovTIoTOLYO eTaULENUEVO TTivaxo.

Alvetou to obotyua

r+y+22=9

2r+4y—3z =1

3x + 6y — 5z = 0.

0 avtiotoyog emavénuévos Tivaxags Tov cLOTHUATOS vl O

11 2 9

2 4 -3 1

34 -5 0
Brua 1

HoAdarAaowiovpe v mpity ekiowon eni -2 xaw ™y mpoolétovue atny Sebtepy
etiowon TovL CLTTHUATOS. OTTOTE TEOXVTTEL TO GUGTHUCL

O oTOLYELNBELS LETUTYNIOTLOUOL YPOULLEY EVEG THIVOXOL BVXPEPOVTOL X0t 6C Yoouuorpdies.



Kegdrowo 1. Ilivaxeg-I'popuitnd cvotiuota.

r4+y+2z=9

DTy = =17

3z + 6y —5z = 0.

Hapalinin enéufoon orov aviiotoyo enavEquévo mivaxo:

HoAdamAoowdfovue v Tty yoouush eni -2 xou v mpoolétovue oty Sedtepy
YOOouun ToU miVoe, 0mOTE TMPOXUTTTEL 0 EMQUENUEVOC Ttivaxac Touv “véou” OUGTHUXTOG.

11 2 9

0 2 -7 -17

3 4 =5 0
Bhiuo 2

HoAandaowtfovue v mpwty eklowon emti -8 xou Ty npoobétovue oty Tpity eklowoy
TOU CUOTHUATOG, OTOTE TPOXVTTEL TO CUOTHUA
r+y+2z =29
2y — Tz = =17
dy—11z = =27,
Hopdldnin enéufoon otov avtiotoyo enaviquévo wivaxa:
HoAdarAaoclovus Ty mpdTy Yoouu) emi -3 xow Ty TEOCHETOVUE GTNY TOITY) YoouUuT
TOL TTVOxa, OTOTE MPOXVUTTEL 0 enawEnuevos mivaxas Tov "véou” cuoTiuaToc.
11 2 9
02 -7 -17
0 3 —11 -27

Bipo 3
HoAamdacialovus Ty Sebtepy e&iowon eni 1/2 xou mpoxdnte: To ClOTHUL
r+y+2z =9
y—7/2z = —17/2
3y— 11z = —27.
HopadinAn entéufiacn otoy avtioToL o enavEnusvo Tivoxe:
HoAramAaowkZovpe v Sebtepn ypoyuus emi 1/2 xou mpoxbntet 0 emawEnuevoc mivaxoc
Tov "Véou” guoTiuatoc.
11 2 9
01 -7/2 -17/2
0 3 -1 =27

Brpa 4
loArariacialovue v deltepy ekiowon eni -3 xau Ty mpoobérovue oty Tty cki-
OWON TOV OUOTHUATOS, OTOTE TEOXVUTTEL TO CUTTNUR
r+y+2z=9
y—7/2z = —17/2
—1/2z = =3/2.
Hopalindn eméufaoy otov avitiotoyo emovEnuévo mivaxa:
HoAdamAaowilovpe Ty Seltepn yoouuy eni -3 xou v mpoolétovue oty TOTY
Yoot Tou mivaxa, ondte mpoxUTTEL 0 enawEnuévos Tivaxas Tov "véou” cuoThuaToc.
11 2 9
01 =7/2 —17/2
00 —1/2 —3/2

Bapo 5
Zoveyilovue avaldywe xat petd ..... ano apxetd PRuate xatalfyovus o6To cloTnu

...BAna n
z=1



Kepdhowo 1. [ivaxes-Ipoppixéd cvotiuorte.

[ I
I
[N

=3
ue avtiotoyo emavbyuévo nlvaxa:

H Abon tov televtaiov ovotiuatos elvor mpopavis Apo evpély n Aon xou touv
cOXIHOU CUOTHUATOC.

O7nwg PAETovpe amd T0 TEONYOVUEVD TTOPEBELYLL LETE AT OPLOUEVOUC OTOLYELWDELG
HETOOYNUOTIOUOUS TWY YOGLLDY TOL ETOENLEVOL TIVOXG TOV CUITALKTOC KAUTOAAEXLE
OTOV Voo

1 00 1
010 2
0 01 3

Am6 tov omolo xatahiEope oY AVOY TOL GEYLXOD CUGTHUGTOC.

Omwg Topatnpodpe o mivorag auTog EXEL tLa XopaxTELo T WLétyta: Ot tpeic TEWTES
otiiAeg (0L OTTOIEG AVTLOTOLYOVY GTOVG CYVHITTOVE TOL GLGTALATOC) €YOLY Evat otoyeio (oov
e 1 xou T veéAoio ooy pe uNdév. wdhiota Se o 1 eppaviletol oe StapopeTixéc YORULES
Tov Trivoo. Twpa Sixanoloyéital 0 aoapég uéxpt T "amAolotepy LopQH” wTivoxo.

ITpwy Tpoywetisovpe oty Tapovaiaoy Uiag Yevinig pefddouv g eniAvong evde ovoTHh-
portog, Bo avopEPoupE 0PLOUEVOVS DPLOUOUS XOUL T GYETLXY, 0POAOYid.

Optopdg 1.1.8. ‘Evag smlvaxos 0o ovoudletow oviyprévog xMUOxX®TOS av ixavomole! TIC
e&ng OTyTES:

1. Ay o yooups Sev amoteleitar udvo amd undevixd. TOTE TO TEHGTO Un URdevixd
oToielo oty yoouuy auty eivor to 1. To otoyeio autd o ovoudletor yyetixd

OTOLYEO TNS YOOUUTNS aUTHG.

2. Av umdpxovy Ypapués, 6rnov dla ta aToyein Toug elvon ooy ue undév. Tote diec
auTEg ot Ypouues Bpioxovtar oto “xdtw pépoc” Tov mivoxa.

(Evaddesetixd: Av vmdioxer wier ypouuy Tov mivoxe, 0 omole eiven un undeviey, Tote
“avwbey” owtig Sev vrdpyovy undevixéc yoouuéc.)

3. Xe 800 SlaBoyineg, un unSevixés, YOOUUES TO NYETIXO OTOLED TNE YOQUUTHS, 1) OTtoln
Boloxeton ce “youniAdrepo eninedo”, Boloxetou "Sekidrepa” and o nyeTing oToLeio
™G Yoouuss. n orole Bploxeton o “avdtepo eninedo” °.

4. Av pa ot mEQLExEL TO NYETIXG OTOLED *ATOWS YoQUU S, TOTE BAar T LTTGAOITTE
ototeior g oTHANG auThg elven undevixd.
Av évag mivaxag mAnpol Tig Tpels mpWTes and T avwtépw idtntec (Gt xart’
avdyxn v T€TapTn). Bor ovoudleTal anids xhpoxwtds mivasec.
Anldady évos avnyugvog xAuaxwtds mivaxas eival. TEOQavESs. xiuoxwtde. Evac
AAUOHWTOG TVOROG OEV Etvat xoT’ avayxy avnyYUEVOS XAURXWTOC.

HMopodeiypota 1.1.9. O¢ mwivasec

-2 —1
0

0 01 00
0 00
¢ 00

0
1

1 00
010
0 01

o O = O

1
0
0

o O O o
o O O =
o O O

1 2
0 ;
. 0

AV ec.?\OU E V& ELOTE POPUUALTTES | 90( JEG()GUGQ E V&L TCO‘S € OTL: AV éVQ’. ETLMO OTOLYELOD loxeTon aTnv
B¢ s . n
1% ” €07, 50’ TE TMEVIX T . 7



Kepdhoaro 1. Tlivoxes-Ipopuixé cvotioto.

Eivow 6Aot avnyuévor xAuaxwtol.
Eve) ot mivascee

1

102 -1 1 5 ? 8 i} ; 1 10

g 18 2 2|, q B 1 1‘ 7 01 0

0 0 1 : 000
4 000 0 1

Elvat sdpoeewtol. addd oyt ovnyudvor xAyuaxwtol.

Orwg BAErovue oe évay xApoxwtd mivaxe otyy omhidn drou Boloxetar vo NYETIHO
OTOLYELO #0TW ATt TO oToLElo QUTO SAo Tar oTOoXEl Elvon unSevind, eve ae évar ownyudvo
xApoxwTo mivaxa atny otijdy onov Boioxetar éva yeTixd otoieio OA Tl LTOAOUTE
oToyyeia elvar undevixd.

1 * % % %
; ; 01 st 2 . , .
Andadi o wivoxag & 0 1« | s AHAUAHWTOS, Yo OT0LOVESYTTOTE AEIOUOUS
0 0 01
1 % = 0 0
; 3 , , 00010 , : ;
Oéoovue oty Oéon Tou *, eve o nlvaxac 00 0 0 1 |&veraviruévos HAOHWTOS,
00000
Yo omotovadirote apifuoic Béoovue oty Bon Tou *

Haparipnen 1.1.10. Onws BAerovue. and Tov Tpdno uetacynuationol evdc wivoaxe oToy
QVTIOTOYO VY UEVO XAURHWTO, oY 0 XOXIXNOG TIVAXOS EXEL Lo (UOEVIXT) OTHAR, TOTE QLT
7 OTHAY TTROGUEVEL UNSEVLXT] OTTOLOVONTIOTE OTOLYELDSY UETOCYNUOTIOUS YOOUUWDY Xort oy
EQPOOUOTOVUE.

Enilong. and tig di0treg evog avnyuévon xAuaxwtol mivoxe (Styre 3). Eneta
dt T0 TARHOC Ty Ly undevindy YOOuUGY TOL vl xp0TERO, 1 loov and To TAH00C Twy
un undevixdy otnAdy tov (nati;).

Twpa eipoate os Béon va mapovoidoovie ™y yevixt] néhodo emiivong evie OLOTHLATOG,.
H pebBodog avt elvon yvwot] wg MéBodog amalotpyig tov Gauss®

To xbpra Bripoto wov v Siémouy ( xou éyovpe; %8y Saxpiver eivon to. eEc:

(1) oynuatifovue Tov EMOLENUEVD THivaa TOL GUGTHUOTOS,

(2) Metaoynuotilovye, Ue OTOLEUIDELS LETOONUOTIOMODS YORUUDY, TOV TIVOXG UTOV
OE EVOY OVIYUEVO XALLEXWTE Ttivone.

(3) BOeswpvivtog Tov mivoxa TOL TPOXVTTEL WG ETaENUEVO Tivona evie OLGTHLATOG
TYNUTILOVLE TO OVTLGTOL(O GUG TG, TO OTLOLO, OTTWG EYOVIE ETLOMULAVEL, EXEL TO (510 GOVOAD
AOGEWY LE TO CPYLXO.

(4) Abvoupe T0 TPOXVTTOV GVGTNUA. TO OTOL0. AGY® TNS LOPQYYC TOL AVAYUEVOL HALpLOE-
®WTOU Tivoo, ADveTon eOXoAQ.

Omtwg BAemovpe, and ™y mepiypapn g uebddouv o xvELdTEPD PAna sivar To Sebtepo
Briue.

Miow Toxtind oto Brpa awtd, 1 omoler Stevkodvel Ty 6An Suadixaaio eivor 1 eErc:

(i) MetaoynuatiCovue Tig oThAEg TOL Tivaxo EEXtvivTag amd Tny TPWTY CPLOTEPS
OTAAN XAl TTPOYWWVTAG TTPOG Tot SEELK.

(1) Metaoynuatiovpe TAMPWS wict GTAAY GTNY LOPPH TIOL OTTOUTELTOL X0l UETE XOYO-
AOOUROTE PE pLot GAAY] OTHAY.

Mo Txpahoyy] cuthg Trg uedddou ivon YvwoTh wg uéBodoc amaroigig Twy Gauss-Jordan. H Séa mou TG
Suémel elvor 7 iSuoe.



Kepdrowo 1. Iivaxes-Toapuixéd cvotiuato.

(iii) Av pe XGTOLOV GTOLELDSY UETAOYNUATIONS YOOUUOY Eve oTot el éXEeL METOOY Y-
potiotel oe pndév dev eQopUOlOLUE UETHOXNUATIONG, O OTO{0G TO UETROYNUATILEL OE U7
undevixd atovyeio. ’

To ax6rovbo mapadeiypoto elvor xatatomoTing wg mEog Ty e@opuoyy (xat v ekot-
®ELWON YOG ) HE TO TTPONYOLREVWS avopepBévTaL.

Hopadeiypuoata 1.1.11. 1. Na emAvbel to obotnua
T+2y+z =3
2r+3y—z = —6
3xr—2y—4z = -2
O ernavénuévog mivaxas Tov ovoTiuatoc eivor o

1 2 1 3

2 3 -1 —06

3 -2 —4 -2
Ipocbteérovpe oty Sebteon yoouu) Ty mEGTY yoauw); tolianiaciaoudvy el -2 o
mivanas UETAoYNUATIETAL aTOoY

1 2 1 3
0 -1 -3 —12
3 -2 —4 —2

2tov mivaxo oL TEOEXLYE, TPOGOETOVUE aTNY TPITY YOAUU) THY TTEOTY YOO
moldandooiaoudvy enl -3 xow 0 Tivoxrac UETATYNUGTILETAL GTOY

1 2 1 3

0 -1 -3 —-12

0 -8 -7 -11
Topo moddanAaoialovues v Sebtepy ypouu) ent -1 xou éxovue

1 2 1 3
0 1 3 12
0 -8 -7 —11
210 emduevo (BimAd Biua) mpochétovus oty Tpity Yoo Ty Sebtepn yoouuw)

roAdamiaoioouévn enl 8 xow oty TEGTY Yooy mpocbétovue Ty Sebtepn Yoouus
roAdarAxoixougyy et -2 xon Exovue

1 0 -5 —21
01 3 12
0 0 17 85

2to emouevo Bipe roldariaoiclovus Ty Tty yoouuh pe to 1/17 xou éxovue
1 0 =5 —21
01 3 12
0 0 1 5
Tdpo Sev €xovue mapa va mpoobéoovue oty Sebtepn Yoouuwh ™y ToiTn Yoouun

ToAROTAQOICUEY) ETTL -3 Kow OTNY TEWTY Ypauuh TAAL TRV TEEN Yoauuy oAAid
Tdpar moAaTAaciaougvy eni 5. omdte Tedind Exovue

"Tpoosoyi! H mpotetvépevn toxtnd Sev elvar "ravésewa” xan Sev eivon SECUELTIXY WG TPOG TV EQPUEPOYN
™g.



Kegpdroro 1. [livaxeg-Ipoppind ovotiuote.

1 00 4
0 1 0 -3
0 01 5

O tedevtalog mivaxas elvon oe avnyugvn xAaxaTh nopey xot elvat o enavtnuévoc
Tivaxog TOU CLUCTHUOTOS

z+0y+0z =4
0z +y+0z = -3
Oz 4+0y+ 2 =5,

TOV 0TTOlOL 7 ABON elvou TEOPAVIE o TUVETWS EXOUUE AVOEL X0 TO %0 GUCTHUA.

2. Nex emAvbsi o ovothue

Oxl + 011'2 - 21‘3 + O-’E4 + 733'5 = 12
2z +4zy — 10x5 + 624 + 122, = 28
2zy +4xy — bxgy + 61y — S25 = —1

O ermavénuévos mivaxas tov oLOTHUATOS Elval 0

00 -2 0 7 12

2 4 -10 6 12 28

2 4 -5 6 -5 -1
EvoaAddaoovue tny mpdtn pe TRV SeUTEQY YORUUY XaL ExOUUE

2 4 —-10 6 12 28

o0 -2 0 7 12

2 4 =5 6 -5 —1
AvTO TO XGVOLUE Yior Vo eTTUYOLUE Evar U undevind oTOLXED oTNY “xopLYR” THC
mp&TNs othdng. Tdpa, enedy) Oédovus avtd To (yyeTnd) otoyelo va eivauioov ue
Eva ToAAoTAaGLEoVUE TRV TEGTN Ypouus) ue To 1/2 xow éxovue

1 2 -5 3 6 14

00 -2 0 7 12

2 4 -5 6 -5 -1
Ty Tty yoauu) wpoctEtovue Ty TEWOTY yoauuy tollardaciacudvy enl -2 xou

Eyovue
1 2 -5 3 6 14
00 -2 0 7 12

00 5 0 -17 —29

Zoveyifovue Tov uetaoyquaTioud Tov wivaxa tollardacidlovtag Ty SeGTEO YooY

e -1/2
1 2 =5 3 6 14
00 1 0 —7/2 —6
0 0o 5 0 -17 —29
Xy tplty yoauun mpoolétovue v Seltepy moldanlaciaouévy ue to -5
1 2 —5 3 § 14
00 1 0 =7/2 —6
00 0 0 1/2 1
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Kegarato 1. Ilivaxec-Ipoppind cuatiuoto.

To emduevo Boua eivar var moAdamAooctdoovue v TeAevtaior yoouuy (e to 2
1 2 -5 3 6 14
00 1 0 -7/2 —6
00 0 0 1 2

Ornwe mapatnpobue TeAxd 0 opyxds eTAUENUEVOS TVOXAS EYEl UETAOYNUATIOTEL
(ue oToELdBES HETAOYNUATIOUOVS YOOoUULY) OE Evay xlipaxwTd TTivaxa.

Mmopolus va TEOYwENCOVUE Yie VoL UETOOY NUATIOOVUE TOY TTivaxa oe Evay avny-
pévo xipoxwto. Ipoolétovus oty mEdty yoouuy v SeVTepy TOAAATARCIOOUEYY
ue to 5

1 2 0 3 —23/2 —16

0 010 -7/2 —6

0 000 1 2

Y10 tedevtaio (Sinldd) Biiua mpoobétovue TV TN Yoo OTNY TEOTY YOOULY]
moAdamAaoixoucvy ue 23/2 xon TITN Yoouuy oty SeUTEQY) TOAAXTAXCIOOUEYY) UE
7/2 xou Exovue

120 3 0 i
00100 1
00001 2

KatoaAiEoue oe gvay avnyugvo xiuonwto mivoxe, o omoios eivar o emoavlnudvoc
Tivaxog ToU CUGTIUOTOS

T+ 2z, +0zx3+ 3z, + 05 = 7
Oz, +0zg + 25 + 024 + 0x5 = 1

0$1 +0$2+0$3+01’4+x5 = 9

Ot Aboetc awtob tov ovonijuatos (dpo xow ToL aP)xoV) eivar x5 = 2, 1, = 1 xou

x, = 7—2x,—32,. Edd BAémovue ot Oétovtas avlaipetes THES yior TiC HeToBANTES
Ty = s xaL x, = t Eyovue amelpo o wARBoc Avoelg Tov cuotiuatos. To de obvolo
Ty AVgewy eivor to obvodo {(7—2s5—3t, s, 1,1, 2) | s, t€R}.

Tor s %o t ovouclovtal TOQGUETOOL TOV OVOTAUATOS 1 eAclfepes uetofBAntee.

. No emiAvbel To cbotyuo
z+2y =2
3r+6y =7

O emavénuevos mivoaxag Tov CLUETHUATOS Vol O

1 2 2
3 6 7

2ty SelTeEn Yoouuy TPOCOBETOVUE THY TEWTY TOAAATAQTIOOUEYY entl -3, OMOTE O
TVOHOG UETHOYNUCTIIETOU OTOV OVNYUEVO XAUUOHWTO

1 2 2
00 1

O mivaxag autdg elvatl 0 emaENUEVOS XAUAXWTOS TIVOXES TOU GUOTHUATOS

11



Kepdhoro 1. Iivaxeg-Tpoppixéd ocvotipoto.

T+2y = 2
Oz+0y =1

Orwg mapatnoolue dey vRdpyoLY TEAYUATIXO! oEBLOL, 0L OTTOLOL Vot (XOVOTOLOLY
v 0eUTeEn eflowon Tov tedevTaiov cLCTHUATOS, dpa Bev Exel Aboy. Svvemdc xol
TO QPYIXO UaS ovoTHue Bey Exel AVa.

Tevixé t0 xplowo onuelo mov amopawduocte 0Tt éva obotnue Sev €yt Abon elvar
ot eugaviovrar ekiowoelg g popehs 0z + 1+ 0zy + -+ +0z, = b # 0

Hapatypnoetg 1.1.12. 1. Onws éyovue mapartnofios: oe dla ta mponyolueva maoo-
Oelypota 1 SSIXaoior Yo TOV UETQOXUATIONG EVOS TIVOIXA OE VY UEVO XAUCKWTO
Oev “emifdAel” Evoy GUYXEXOUUEVO TOOTO EQROUOYTC TWY OTOLYEWWSWY UETHTY A0
TIOUWY YPOUUWY TOL TVaxe. 0UTE w§ TPOS TO €(60¢, OUTE WS TPOS TNY CEIPd.

Enougvwg mpoxinter éva yevixd epdtiuo: Ye évav mivoxa. dtav epappdoovuc
OTOLXEWOELS UETATYNUATIONOUE YoouUGY (Tilbavdy ue Slogopetixols tpdrouc) @hd-
VOUUE TAVTA OE QVYUEVO XApoxwTo ivaxa; Av v, elvon mavte d (Stoc aviyuévoc
XAUAXWTOS TiVoxag;

H ardytnon elvon Oetin) xow oto 800 oxéAn tov epwtiuatos. Apydtepa Ba Sobel
uror arodelty).

2. Hpoooyn! Ttyy mepimtwoy, Om0V UE OTOLYEUISELS UETAOYNUOTIOUOUS YORUUGY EVOC
nivaxa pldvovus os Evay xhpoxwto mivoxe (Gxt ovnyudvo xAuaxwtd wivaxa), Tdte
N UOPPY TOL XAWKXWTOU Tivaxa Sev sivor povadi. A& oe dAeg Tic rApaxwTéc
HOPPES Tov TPOXVTTOVY LEAPXEL TO efig xowd yapaxtnpiotd: To miiboc Twy
undevixdy yoauudy mwov eupavifovtar elver navtea to (S0.

H anddeln. xor yi” owtd, o Sobel apydrepa.

3. Orwg eidoue. xar and Ta Tolo TeAcuToior TOPASEYUATA ., UTTAOYOVY GUOTHUKTE [UE
povadu) Aban. 1 ue dneipes Aboelg, 1 pe xouior Aon. Tyy amdvinon duwe yuor Ty
Omap&n, 1 un Smapln Aboewy evdg ovotiuatog Ty elyaps @’ dooy éxovus Aboet
TO GUOTIA.

‘Exouvue 10y emonuaver 611 or "nAnpopopies” yio Ty brapkn, % un SrapEn Aboewy
oc EVa oUOTNUO TEQIEXOVTOL OTOY emtavénuévo mivaxe Tov cvotiuatoc. Omdte.
Bor dodue (Sev eiven enl Tov TapdvTog) mdg, TE emyeipioovue vor AVGovue Ever
oloTue, umopolue vo amopavfodus yia Ty Onapkn, 1 un draopény Aboewy.

4. Mwx tedevraio (mpaxtia]) nopationoy. Otav mpooralbolue va Abcovus éver oi-
OTNUC UETRTYNUATILOVTHG TOY EMOVENUEYD THVOXO TE QUNYUEVO XAURKWTS, oy O
xamow poon pidoovue oc xApaxwtd Tivaxa, ToTe Sev eivar avayxalo va Tooyw-
ofioovue. Mrmopobus va Aboovue v etiowen otny omola eupaviletor uovo gvoc
AYYWOTOG %O aVaSpOUIRE . avTiXadlaTdyTog ToV dyvwoTo Tov Teoodlopioaus, o
mponyolpevn e5lowoy. Omou eppavileTar auTOS 0 AYVWOTOS xat EVag axoun. vor
TPOCOLOPLTOVUE TOV GAAO GYVWATO....0¢ TO BOUUE OTO TRONYOUUEVE THPASENYUOTA.

Opoyevi] cuoTLOTA.
Mo eLdixh, oAAG TTOAD OYPLAVTLXY XOTHYOPLO CUTTAUATWY ELVOL TO CLOTALKTE TNS LOE-
P!
all‘q:l + (1121:2 + e +a1nl'n — O

Ay ) + QgaZy + - +ay, 2z, =0
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Kegpdrowo 1. Ilivaxes-Ipoputxd cvotiuotoe.

Q11+ QpaTy + - +a,,,z, =0

AnAaidf ovotipata, émov o atalepds Spog xabe eEiowong toolToL pe undév.

‘Eva t€t0t0 abotrue Ba ovopdletor opoyevéc.

Onwg TopoTnEodue Evoe ORLOYEVEG TUOTHUO EXEL TIAVTH TOVAGYLGTOV ULax ADGY TNv:

L&y, = - =z, = 0.

H Adov ot Bax ovopudleton 1) TETOLUEYY, 1 7 uNdevixi] ADOY] TOL OROYEVOUS TUOTHLOTOG.

Emopévwg yevwwdtal to eptdtuo TOTE VO OUOYEVES TUOTNUR EXEL XOL GANEG TEQOY TNG
TETPLULMEVNS AVOTE.

Nopoadeiypata 1.1.13. 1. Na emAvfel To opoyevés cbotnuo
r+2y+2z =0
20 4+3y—2 =0
3x—2y—42 =10
O emovEnuevoc mivaxog Tov oLOTIUATOS E(VOiL O

1 2 1 0

2 3 -1 0

3 -2 —4 0
OTOTE. XAVOVTAG OTOLYEUISELS UETATYNUXTIOUOOS YOOUULY XOUTAAGYOVUE oTOY EEfC
OVNYUEVO XAYOHWTO TTivoxo:

1 00 0
01 0 0
0 01 0

Am’ dmouv ouvvayeTal 0Tt 0 GUGTHUOL EXEL LUOVO TNV undevixiy Abor).

2. Na emAvbel 10 obotnua

O"r]_ + O-TQ = 2-1‘3 + O.Z';l + 73}5 =12
235'1 + 41‘2 - 105.':3 + 6:1':4 + 12$5 = 28
2ry +4dxy — 5xy + 62y — S5 = —1

O emavénuévos mivaxos 10U GLUATHUATOC ElVOL O

00 -2 0 7 0
2 4 —-10 6 12 0
24 -5 6 =35 0

1 2 0
0 0 1
00001 O

KatodjEoue oe évay avnyuévo xAyoaxwtd nivaxa, o omoiog eival 0 emauénuévoc
TVarOS TOU TUOTHUOTOS.

€Ty o 2.‘}.‘2 o+ 0.'1:3 “‘1’314 <} 01:5 =0
Or; +0xy + 25+ 024 + 025 = 0

0.1:1+0.'L'2+0.1'3 +0I4+I5 =0
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Kepdhowo 1. Ilivaxeg-Ipoppixd ovotipote.

Ot Aoetg avtol Tov cvotiuaros (dpa xot Tov apyxol) elvar x5 = 0, 23 = 0 xou

zy = —2z, — 3z, Edd BAsmovue dTi Exyovue 8U0 TaPaUETOOUS Yia TIC HETABANTEC
T, = 8 xow ry = t, dpa £yovue dreo to wAjfog Adoels Tov ovoThuatoc. To
de ouvodo twy Abocwyv elven 10 obvolo {(—2s —3t,5,0,t,0) | s,t € R}. dnov yux
s =t = 0 AauBdvovue TNy TETPLUUEVN] ADON TOU CUOTHUATOSG.

&  Zto 300 mponyolpeve: TopaSELYILOTO VO XAVETE TOUG GVEYXOLOVE UETOOYNULOTL-
OUOUG YOOUUMY Yo vt ETULREPOULDOETE GTL TPAYUOTL XATHAYOVUE G° OUTOUS TOUS OVYUE-
VOUG XALLOXWTOVG THVOXES. @

O7ntwg BAETOLpE xow GTYY TEPITITWOY TWV OUOYEVEY CLOTAUGTWY LTLEPYOLY TEQLTTTWOELC,
OTTOL EXOLUE LOVO [ ADOM Ko TEEQLTITWOELG, OTIOU EXOVUE ATtELPES ADTELC.

[lpty POy wEYooLUE TEETEL Vo TOPOTNENOOLUE GTL v TEAEUTalar OTAAN GTOV EmaEN-
HEVO Trivauxo evdg opoYEVODG CLOTAUXTOS Elval UNSEVLXY KO TOPOLEVEL UNSEVLXA XOTH TOV
UETOLOYNILOTLOUG TOU OE OVYYUEYT XALLOXWTY LOPOY).

Ornwg gxovpe mopatnprost oto tpito amd to Mlapadeiypoto 1.1.11, dtav éxovpe eEiow-
oelg g popYhg 0z + 1 + 0zy + -+ 4+ 0z, = b # 0, Téte T0 avtiotoyo obotnua dev éxet
Ado.

2Ny TEPIMTWOoY EVOS OUOYEVOUS SUOTALXTOS BEV  EXOVUE TNV EUQEVIOYN TéTotwy efi-
owoewy, aAA& evBéyeton Vo eppoviotoly eElowaetg g woptg 0z, + Oz, + - + 0z, = 0.
Mia te€tolar eEiowoy, emedn enadnfiedeton amd Ghovg Tovg TpPoryYpOTIXOUS opLlols, Sev
ETLPPEGLEL TNV UTtaipEn AVoewy Tou cuaTiatog xow Bo propobos va mopoAngdel, ondte
Bor mpoxidel éva abotnua pe Aydtepeg eELOWTELS atd TO oPyixd, BAAG e TO (BLo GOVOAO
AdGELY.

Emopévwe, av 0 ovnyuévos xAUoxwTOS VKOS, 0 TTROEPXOUEVOS oTtd TOV ETRVENUEVOD
TH{VOXOL EVOG OULOYEVOUG OUTTYLOTOG. EXEL UNOEVIRES YOUUUES, TO GUOTHLO TTOU CLVTLOTOLYEL
OTOV THivOXo. oUTOV TTXPOAELTIOVTOG TLg UNBEVLXEG YOOUMES, EXEL eV ALYOTEpES eELothoELC,
OAAG TO (810 OUVOAO ADOEWY UE TO OPYLXO.

H mopoathponon avth pog odnyel oto ebfic oupnépaopio:

Av yevind €yovpe Evo OLOYEVEG OOOTNUO HE T TO TARDOG ayvoToug o brobéoovye GTt
0 0 YNYHEVOG XALULOKWTOG THVOXAG, TTOU TTPOXVTITEL B0 TOV ETRLENUEVO TTIVaKA TOV GLGTH-
nortog, Exel T to TANBog un undevikés Ypoupés, TOTE TO OUOYEVES CUCTNUA. TTOU KVTIOTOLYEL
OTOV OVNYPEVO XALUOXWTO Telvoxa €xel n—r To TAYBog eAebepeg petafBintéc (mopapétpouc).
Evo tétoto opoyevég obotipa Bea eivon tne pLopeiic:

Ty, + () =0
Ty, + 20 =0
m + X0 =0

omov, oe x&be eklowon, N Exppoaon > () onuaiver éva &hpotoua émov “eumAéxovton” ot
ehetbepeg petafantéc (av uTdpyoLY).

Edc mpémel va mopatnpioovpe 6t Béoet g mapatipnong 1.1.10 n moobdtnro n—r eivoe
TCHVTOL (Y] GEVYTLXN.

Amo Toe tponyodpeva Exovpe ™V eEg onuovTIXY TEOTHGY.

Npdtaon 1.1.14. Xe éva opoyeveg obotnue, omov 10 TAGHoS Ty ayvdotwy elvor peyalis-
TEPO amd To mAjbos Twy eliodoewy, Eyovue elcilepes uetofAntéc. Apa Exovue ameipo
To mARboc Avoeic.

AnddeEn. Ilpopovig. O
Nopatipnon 1.1.15. Hpocoxi! Aev wybet xdtt avdloyo o un ouoyevii cvoTiucta. An-

Aady vrdpxovy (un ouoyevi) ovoTiuata. drov To TAHBog TWY aYVHOTWY elvon UEYEAD-
100 and to wAlog Twy eflowoswy, Ta omola Sev Exouvy Avon.
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Kegddawo 1. Iivaxeg-I'poppixéd cvotiuarta.

Mropeire var 8ddoete évar mopddetyuet;

Iop’ dAax tater, Oomewg Ba Sodue oe Afyo. av oe Evor un opoyevée obotnue. 6mov mAj-
fog Twy ayvdotwy eivon ueyadvtepo and to ninfoc twy efiodoswy, gyovue ekaopaiioes:
™V Urtapln pog Abong. ToTe To oboTue owTd éxer dmepesc Aboelc.

To ovvoro pLledv evég opoyevolc cusTHLATOS.

‘Eotw 10 opoyevég obotnua

0117 + @137y + - + a2, =0

a21$1 + azgxz v - aznwn =0

(2)
Ay %y + Qppy + o + 0z, = 0
Amtd Toe mponyobueva émetan 6Tt T0 odamua (X)) éxet uévo pia Adav (tv pundevinn) av
xow uévo oy Sev €xovpe elelbepeg petafintéc. Av xow pévo ov n—r = 0. Av xoL udvo av
T0 TTAND0G TV PN PNSEVIXWY YPRUUDY GTOV GVTIOTOLXO OWYIEVO XALOXWTS Trivoxe: elver
loov pe 10 TANBOG TWV AYVHOTWY TOL CUGTALATOC,
Y TEPLTTRON VT O AVNYUEVOG KALUKWTOG THVOXOLS, O OTIOLOG TIPOXDTTEL 0T TOV ETTEL-

Enuévo mivaxo

11 Gy Q1n 0
Gy Ggp Qgp 0
Omi Gz Qn 0

elvo TG LopEig
1L =80 0

01 - 0 0 ; , , £ 2 .

] . 6mov €xovpe Topoheidet (ov vmpyav) TG undevixée Ypauuée.
g o0 - 1 0

Mdahota 8e to mAfiflog Twy ypoppdy otov teAeutaio Tivaxa sivar (sov ue To 1 (to Anfog

TWY AYVHOTHY TOU GUGTHLATOL).

Ocopnpa 1.1.16. ‘Eotw (&, &, ..., &,), (¢, G. ..., (,) Sbo Aboeic Touv oVoTHUaTOS (Z,).
Tote yia %6l 800 orpiBuovs A xou p1 70 (A€, + ply, Ay + s, ... AL, + G, ) amoteldel Aboy
Tov ovoTiuaTos (,). .

Andden. Aol tor (&y. &, . &), (C1s Coy oy () OTOTEAOGY AGELG TOL CLGTAUOTOC. OtV
ot tyaia eElowoy, éoTw
%) + Ty + - +a,,2, =0
AVTLXATOOTACOVPE TG HETOBANTES &, UE To &; xou (; EXOLpE
@& + a8y + - a6, = 0
xolL

2;161 + @982 + - +0;,(, =0

Tig 860 teAevTarieg oygosls Tig TOAMUTAXGLALOVIE, THY LEV TTRWTY UE TO A v de Seditepy

e TO L %o TPOaBETOVLE XaTd UEAN, OTOTE XAVOVTHG TIg TTPGEELS émeTan T0 amoTéAEoUOL.
a
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Kegpdhowo 1. [livexec-Ipopprxnd cuotipota.

Népiopo 1.1.17. ‘Eve oupoyevéc olotnua Exet eite povady Avon (tyv undevixi). eite
arewo 10 nAnbog Avoeis.

H "oupfol]” TV opoyevey ocuoTHRATOY 0T AVOY Y] OLOYEVEY CUCTUATMDY.

'Eotw to cbotuo

a11%; +a1p2s + - + a1z, = by

ATy + AgaTy + =+ + G Ty = by

(£)
Om1?ty +n’n12"r‘2 A e oA Opntn = bm
KOl
a1y +G,12.T2 S +a1n$n = i)
A1) + g2y + o+ +ag,x, =0
(Zo)

Q1T T ATy + o T Oy Ty = 0

70 "avT{oTOLYO” OLOYEVEC.

To pvoloroyixd epWTnUa oL TEOXVTTTEL Elvoil To EENC:

Yrtdpyet xamota oxéan HeTED Twy AVGEWY TwV U0 CLGTNUATWY;;

‘BEotw (&, &, ..., §,) o Adon Tov cvathuartog (X) ko (¢, Gy, ..., ¢,) HLoe ADGY TOL oL-
oThuatog (X,). Téte mapatnpodue 61t 10 (& + (4, &5 + (o, -0y &, + () amoTeAel Aboy Tov
ovotiuarog () (yoti;).

Ocwpnuo 1.1.18. Eotw (&, &, ..., £,) o Aoy Tov ovotiuatos (X)), 10Te xabe dAly

Abon Tou eivat g popPNs (& +Cy, &+ Gy, ooy §u+Cy), Omov (G, G, .oy () Elvar puar Abom
TOUL OUOYEVOUGS CLUGTHUATOS (X)).

ArnddeEn. ‘Exyovpe de (1o mponyoduevo yiotl;) éti mpdypott (&, + (, &g + Coy ooy & + C,)
amoteAel Abom Tov cuoThuatog (2). 1345

‘Eotw 1000 (pq, pay -y pr) B BAAY AVOY TOL GUOTAUGTOS ().

Aol ta (&1, &ay vy &)y (P1: Py ooy Pr) OTTOTEAOVY AVOELG TOU GUOTNURTOG, OV GTNY TU-
yolo eElowon, é0Tw

a1 Ty + 0Ty + o FayT, = b

QVTLXOTOCTAOOVYE TLG LETOBANTEG T; KE T §; XOU p; EXOVUE

a6 +a;08s + - a8, = b

KL

a;101 + Qopy + 0 + 8P, = by

Tig 800 TehevTaieg OYECELS TIC OUPOLOOVUE XOTH LEAN XOL EYOVE

atl(pl 751) +(’Lz2(p2 7&2) o +a£rl(pr1 —fn) =0

Auté onpaiver 6t to ((y, (o, -, () OOV (G = p; — &; elvor e Adon TOL OWOYEVODG
cuaTiULoTog (B,). Omote énetan T0 AmOTEAECLLOL.
O
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Kepdaiowo 1. Iivoxec-Toopuind cuotiuoto.

To Bewpnua avtd sivor onpoavtixd, xaboTL yioe Tov TPOTdLoPLoUs Twy ADoEwY evdc ou-
OTNRATOG EfVOlL GPXETO Vo YVWPELTOLUE HOVO ULt AVGY TOU XoL Tt ADOELS TOU GVTLOTOLYOL
OULOYEVOUG, TOL OTTOLOL O TTPOOBLOPLOUGS TOL CLYOAOL Twy Adoewyv tov (TPoadoxolue vor)
elvor o edxoroc.

Iépropa 1.1.19. ‘Eva odotyua éxet puovadua) Abon ay xoi u6vo av To ovTioToL(0 OUOYEVES
OUOTNUO EXEL LOVO TNV undewvixy Abon.

Méptope 1.1.20. Eva tetpaywvixd n x n oOOTHUO Exet povadixs; AVon av xow uovo ov o
QYNYUEVOS XAUEKXWTOG TVOXOG TOV QVTIOTOLYEL OTOV TVAIXA TOU OVTIOTOLIOU OUOYEVOUS

10 - 00

) } i I - 00
CLUOTHUATOG EiVat THS HOOPYS C
00 - 10

[Ioptopa 1.1.21. Eve un ouoyevég obotnue. eite Sev éxet Aboy, eite éxel povadu) Abon.
clre Exer dnepec Aboeic.

Anodety. Apéoy anbdppora Twy Oewpnudtwy 1.1.16 xou 1.1.18 . |

1.1.2 Aounocte.

1. IIpocdiopiote av oL "mpoTelvdueves” TULES TwY T, ¥, z Elvol ADGELS TOU GUGTHLETOC
r4+y+2z =2
r—y—2z =0
r+2y+2z =1
(@) s=Lyg=-3;2=2, (h) s=Lw=~LE=1

2. TlpoodiopioTe av ot "TPOTELVOUEVES” TUEG TWY T, Y, £ Elvol AVOELS TOU CLUGTAULKTOS
3.'.1:1 —3:2 +.1'3 = 1
-z, +3ry—5xr3 =5
(@) (6/7,8/7,1). (8) (5,8 1), () (5/7.8/7,0), (d) (5/7,10/7,2/7)(c) (5/7.22/7,2).
3. Ilpoadropiote v Ty Tov k wote & = 2k, y = k, z = 0 vo elva Abom ToL cLETHATOS
r+2y+2 =0

—2r—4y+ 220
3z—6y—4z = 1.

1 2 1L 2 =l

1 -1 0 -1 01 -1 5 6

4. Ovmivoxeg | 0 1 —1 5 7 oo | O 0O 1 1 ~2
0 o 1 =3 00 0 1 -3

00 0 O 0

elvon oL emaLENUEVOL TIVOXEG TLOTNUETWY, VO YOGPETE T VTIGTOLYO CLUGTAUCTO KO
Vo Tor ADOETE.

5. Me v péfodo amaoprg tov Gauss, vo AVGETE TO CUGTALKTO:

—3r+3y—3z=0
r—y+2z=10
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Kepdhowo 1. Ilivaxec-Tpappixd cvotipota.

10.

2 —2y—2 =10
z+y+z=10

XL

2 + 3xg — 4wy = 2
AeiEte ypopuxd ot v obotnua SVo eElodoewy pe TEELG ayvdoTtoug, eite Sev éyet
Aoy, eite éyel dmelpeg AoeLg.

Afveton éva e x n gboTNUO KoL

(€15 €av et &) (Chs Coy vy €) 80O MOOELG TOL. AiEze 6Tu vt xGBs a, bE Rue a+b = 1
To (a&, + b¢y, a&y + b(y, ..., a&, + b(,) amoterel Aban Tov COOTNUETOC.

[pogoxn! Now Adaete Tnyv doxnan avuth aveE&omta, xwpis Ty xeMon Twy Oewpnudtwy
1.1.16 xon 1.1.18.

. (i)  H ypaguxy mtapdotaon g xaunding pe ‘eEiowon’ y = az?+by+c Siépyeton amd

T onueior Tov emLTEDOL (2, y1), (X, ¥a), (21, 23). Aeikte éT1 oL ouvtedeotéc a, b, ¢
OTTOTEAODY TNV AVGY] TOL CLCTALKTOS, TOL 0TIV 0 eTaLENUEVOC THivoxac eivat o

i oz 1 "

ay zy 1 Y2

af zg 1y
(i) No mpoodiopioete OAeg TG XOUTOAEG TG LOPYHS ¥y = az? + by + ¢, oL omolec
diépyovton omd T onpeio (1, 2), (—1, 3) tov eminédov.
(t1i) H xouniin pe ekiowon y = ax® +bx? + ez +d Sépyeton and to onueio ToL eTL-
nédov (0, 10), (1, 7), (2, —11), (3, —14). Mmopeite va TpoadiopioeTte TOUg cLVTEAETTEG
a, b, ¢, d;
(iv) Tevixd, divetow N xapumOAn y = a, 2™ +a, 271 = - +a;2 + a,. [Iéoa ToLAGYL-
otov onpeio Tov eMLTESOL, ot To OTIOlo SLEPYETUL ¥ YPOPLXY TNG TTUPATTOGY, TTRETEL
vor Yvwpllovpe Yo Vo TPOTBLOPLOOVILE TOVG CUVTEAZOTES a,;

No Bpeite 800 Sia@opetind 3 X 3 CUCTAUKTO, YLK TR OTTOLC O AVTLOTOLYOS GVNYULEVOC
AALLORWTOG THEVOXOG TOV ERAVENUEVWY TLVEXWY Vo eival 0 (Blog

1 00 —1
010 7
0 01 2

Now amopavbeite Siatobnuxd (ywpic "poAdfL xou yopti”), av to emdpeva opoyevi
CLOTALKTO EXOLY PoVadIXY 1 dTelpeg To TAHHog ADoELS.

22) —3xy + 43—y = 0
Try+axy—8xy3+ 50z, =0

—zy +4x0 25—z, = 0,

T+ 23y —x, =0

31‘2_63:3 = 0
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Kepdrato 1. Mivaxeg-Ipapuixd ovotipoto.

11.

12

13.

14.

15.

LAY —z =0
z—y+z=20
—zrz4+y+z =20

EToe eTOUEVE. GUOTHULOTH Vo TIPoadLopiceTe T0 a € R, tdote va €xouvv povadiun Aday,
xolor Moo, dmelpeg AVOELS.

x+2y—32 =4
3x—y+5z =2
dr+y+(a?—14)z = a+2

r+2y+z=22r—-2y+3z =1
r+2y—(a? —3)z = 4.

Na Aboete emdpeve oLTTALNTE YLK TLS SLAQOEES TLES Twv a, b, ¢ € R.

2c+y = a
3z 4+ 6y = b,
r+yt+z=a
2r+2z =0
3y + 3z = ¢,
rt+yt+z=a
20+2z = b
dz+ 3z =c

No petaoynuoticets tov mivoxo

2 1 3
0 —2 —29 | oc avnNYUEVO XALLOXWTO UE OTOLXELWIELS UETATYNUATIOLODS YOO~
3 4 5
pedy, A& dtav yetdletor TOAMATAAOLOOUOS Yoouus ne aptduo, o aptbuds avtdg va
eival oxépatoc.

Na eprypdupete OAeg Tig BUVHTEG VIYLEVES XALLOKWTES LOPQES YLOL TOV Tuyoo Tivoxa
Gy G012 O3
Upyp Oz Gyg
Gz Q33 QAz3
Av A elvar évog 3 x 5 mivoxog moiog glvor 0 peyoidtepog aplbudc Twy NyETy
GTOLYELWY. OTOY UETOOYNUATIOTEL OE AVYUEVD XALLOXWTO;

‘Eotw B 3 x 6 wivaxog pe undevixn v teAsvtaia tou atiiyn. Ilolog eivow o péyiotog
optpoe Twy eAsLBEPWY TTOPOETPWY GTNY ADOY TOL CUTTAUOTOGUE ETTOWENULEVO TTivoo
Tov B;

"Eotw C évag 5 x 3 wwivaxag, Toiog elvat 0 eAdyloTog aptiinos Twv Undevixidy YOoLU®yY
0E EVOY JETUOYNUATIOUG TOU O XALUOXWTO TTIVOXX;
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Kepdhoro 1. Ilivaxeg-Ipoppind ovothpoto.

16. No emtAboete 10 pun ypoupixd ochotnua.

sina + 2cos 8 + 3tany = 0
3sina + 5cos B + 3tany = 0

—sina — Scos B + Btany = 0

6omov 0 < a, 3, v < 2m.

17. Aivovton oL eméuevol LoyLELOUOL. ATIaYTAGTE, SLXAXLOAOYDOVIGG TNV ATTOVINGY] 0OC, &V
elva owoTtol, N Aavbaouévor.

(o) To obotnuot z —y = 2
2z — 2y = k Bev €yeL povadix Aoy, aveEgptnTo ot Tnv emiAoyh Tou k.

(B) Ze éva ovomuo 10 TA0og Twy ektotioewy eivol peyahiTepo amnd to TAR00g Twv
OYVOOTWY.

To obotua elvot addvortov.

(y) Ze éva obotpa to TARBog TwY eElowaswy eivor HEYOAGTEQPO amtd To TARHOE Twy
CYVWITWY.

To obotnuo €xel dmelpo 10 TANbHog AboeLc.

(&) Ze eva obomua 10 TARB0G TwY oYVKoTwY elvar UEYGADTEPO amd To TARBog TwY
eELlowoEWY.

To ovotnuo €xel dmepo Tomtaffog AioeLc.

() Av xébe eEiowomn oe éva ovuPoatd cvotnuo ToAAamAacLlaoTel pe pie otabepd
¢, T0TE oL AVOELG GTO VEO CUOTNUC TIOL TIPOXVTTEL, ELVOL 0L AVCELS TOL OXLXOD
CLGTAUATOS TTOAMATTACOLOOUEVES LE TO C.

(oT) Av e@apudoovpe Evay OTOLELODY UETOOYNUATIONG YOXLLDY GE Vel XALLOXWTO
mivoxer, o Tivoxog, Tow TteoxLTTaL, eEaxohoviel vor lval xALLaXWTOC.

(@) Kdabe rmivaxog éxel povadiny xAUoxwT] Lop@h.

Kébe mivaxog dev €xel povadxn avnypévn xALLoxXwTh Lop@.

() ‘Oho to yetixnd ool oe évoy xMpoxwTd Tivaxo epQovilovtol oe SLapopeTiXéc
OTNAEG.

(6) Ze éva opoyevég cUOTRU UE N AYVHOTOUS O avtioToLyog (Tov emawEnuévon -
VOXO) OVYHEVOS XAUOXWTOG Trivaxag €xeL n [y undevixég ypoppée. To obotnuo
EyeL povadixn Aban.

1.2 Ilivoxeg

To epdopadiaio mpdypoppo LeAéTtng evog @oLtnTh oto pobiuote Aiyefoo. Tewpetpio,
Avaivor, EZtatiotinn ExeL we eEng:

No Zrotiotixn xébe pépa apLepivel pla wpa, extog g Iéuntng, dmov apepdvel dvo
WPES.

Tnv Kupioxn aprepidver pévo d0o wpeg ex tv omolwy 1 wia dpo elvol yioe REAETY
AvyeBpac.

H Iapaonsuy elivar 1 "Bopdtepn” LEQO UE TUVOALXE OXTH WEES LEAETYC, EX TWY OTTOLWY OL
TpeLg eival v Newpetplo. eved yio AkyeBpo sot Avahuom aplepdvel Tov (810 Ypdvo perétrc.
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Kegpdahrowo 1. Hivaxec-Tpappixa cuotiporta.

To Z&PPorto ocplepvel pia KEa TEPLOTOTEPO XEOvo art’ Ot v Kuptooe, xwpelc va peletd
Akyefpo.

[No Tewpetpio apLepdvel ouvolixd evvéa BEeg. Ywplic va peietd v IEumt, eve apLe-
pwvet poévo pre wpo ™y Teltn xow oL véAoimeg wWpEeg elvat eE (oov xoTOVEUNUEVES TNV
Asvtépa xaw Ty Tetdptn.

Ty Tpitn eAetd CUVOAKE ETTTE WPEC BUPLEPWVOVTAS ULOL RO TTEPLGOATEQRD otV AkyePpo
o’ 0T oty Avéivon.

Tor Avdhoom aplepudvel GUVOMXE EVWER WPEG X TWY OTolwy amd pio koo v Asutépa
no v [HEumTy.

o ™y Ahyefpo aprepivetol (oog ypovog tnv Tetdptn xow v Koptom xow xotd o
wpo TeEPLocdTEROg TNV AsuTépa xo TN [IEum.

MTopoUUE Vo EXOUNE [iot ouvolx “exdva” yia To efdopadiaio TTPOGYPOUUO HEAETYS
TOL POLTNTH;

Av BeMiooulLE VoL CUOTNUOTOTIOLNOOVILE TIE OVWTEPW TTANPOPOPLES, LTTOPOVILE VO TO XE-
vovpe ypvoupomorhvtog évay (0pboywvio) mivaxo, 67OV OTIS YOXUUES XOTOVELOVTAL OL
hpeg oL aYLepwvovtal gt xale LaBNUo. EVE OTIE OTHAES XKUTAVELOVTAHL OL PES OVE MUEPX
Tre efdouddoc.

Ondte €xovpe "moavopouixd’” To efdopadiolo Tpdypoppa LEAETYG TOL QOLTHTY.

A|Tp | Te|lle |l | ¥ | K

Alge | 2| 3 1 2 2 |01
Geom | 2 | 1 2 0 3 110
Anal | 1 2 2 1 2 110
Stat | 1| 1 1 2 1 |11

Omwe Brémovpe 1 éwvota Tov Tivoxo 8ev eppoviletol WOvo oty LEAETY] TWV YOOULULLXEY
CUOTNLATWY.

Edw B pedetioovye, o WY PO, TOLG Tivaxes Bewpwvtog Toug we ptat Mabnuotxy
evvoLo 0pllovtog peTaEd Toug "TEdEELS” Ko HEAETOVTOG LWOLOTNTES TOUC.

1.2.1 Optopoi-tdLétnTes TLVEX®V.

Aev Do dchoovpe évav auotned oplopd evdc Tivaxa. Oa apxeotodue aTtov Stonabntixd
opLoud.

"Evog (mporypotindc) mivaxog eivor pioe 0pfoydvia SLGTaEN TRayplatikey apLlbudy “to-
TOOETLLEVLVY” XOTE YOOUUES KOl OTHAES.

3 -1 0 2 -1
Hopodeiypota 1.2.1. | -1 2 -1 5 7
4 -2 =21 -3

@1p  Qps Uy1n

gy Uag o

aml a’mZ a'rrm

To mpddto rapdderyuo eivol evor opLOUTLd TREASELYUA, EVE TO SEUTEPD TRPLOTE Evay
TCVOXOL TTV YEVLXT TOU LOPEPN.

Ta "yopoxtnpiotixd” evég mivoro eivor To mANBog TwV Ypouuwy Tov, To TTAfog Twy
oTNAGY TOU, xobwexol To elB0g Twv oToLXEl WY TOV, Ta oTTolo: e8¢) Bar elvo TTévTo TTEoYLoTLROL
optbuol.
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Kepdoro 1. Tlivexeg-T'popuixé cvotiuoto.

270 mpthto Tapddelypa To TANBog Twy ypaupoy eivol (oov pE Tpio. evd To TAbog Twv
OTAAGY TOL elvor (oov pe mévte. 210 SeUTepo Tmopaderypa to TAN00G Twy Ypoupoy elvon
igov pe m, evtd To TANBog TV oTNAWY Tov elval igov UE n.

To mwAflog Twv ypopuoy xcal To TAY00C Twy oTNAKY Tou OVOudlovToL SLUOTACELS TOU
mivoxo xo oLPPBOALOVTOL g M X N.

Emopévwg vmépyouy koL mivaxeg 1 xn xat m x L. O mpwtog mivaxog amoTeAeital amd yLo
Yoo ph o n to wAfbog athieg xat B ovoudleTtal wivaxag YPOUWY, TOAAES Be popécg Bo
ovoupépeTol xol wg bf Suavuopa ypopupt. O dedtepog mivaxog amoTeAe(TaL o7t Lo GTHATN X0l
m to TANBog Ypoupég ko B ovoudleton mivaxog oty ToAES O Qopég Ba avapépeTan
®ot wg bf Suévuopo otin.

MéyptL tpa, xé&be opd mov “ouvavtodouUe” voy TILVOXO, O THVEXOS TTOPLOTAVOVTRY
oe "N avdmtuEn”. Oplopéveg Qopéc, dmou Bev eivar amtapaiTTo (ko dev dnpiovpyeiton

auyxvon), Ba meLoTavovpe Evay mivaxa ot oLVETTUYREVN LOPPN T WG A = (a4;)mxns N
wg (a‘ij)mxn* N W5 Amxn'

Eidixéc pop@ég mivdxwy.

‘Evog m x n wivaxag, 6mov 6Aa toe gtotyela tov elvon (oo e to undey, o ovopdleton o
undevixdg m x n mivaxoag xot Ho supforiletar O, .. N amA& O, 1 oxduo xoL we 0, dtoy Sev
LTTAEYEL TTEORANUY WC TTPOG TS BLAGTACELS TOU.
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