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12. EEEAIEN piog AlodIKaoiog AIOKAASdwWONG

Mia dladikagia dlakAAdwaoNG {Z,, n = 0} Teplypa@el n dladIKagia avarapaywyng piog
KOIVOTNTOC KATW OTIO TIC €€NG LTIOBETEIC:
* Tn Xpovikn otiyur) O uTtdpXel HOvVo €va atopo: Zg = 1.
» KdBe atopo (el pia xpovikr povada, kol Trebaivel ag@ol aTtoKTHOEl Y aTtoyovoug
OTIou N T.J. Y AauBavel ipéc 0, 1, 2, ...

+ OMa Ta Atopa gival avegdptnta wg TPOG TNV avarapaywyn Toug, dniadn av Y, Kal
Yo gival ol armoyovol Twv atopwv A Kol B T0Te o1 Y4 Katl Yo gival aveEaptnteg T.4.
(gival Kal 106vVopEG KaBWG Y1, Yo ~ Y). AnAadh, KaBe Atopo &eKiva T SIKA TOou
aVEEAPTNTN HE TIC AAAEG dlOdIKATia SIAKAASWONC.

‘E0tw Zp, 10 péyebog ¢ N-00TNE YEVIAG, dnAadn Z, ival 0 apiBUog Twv atdpwy o
YEWVNONKAV TN XPOVIKN GTiyun n.

ZNUAVTIKA EPWTAUNT TIOL 0POPOUV TN dladIKacia SlakAddwong {Z,, n = 0}:

. Mota gival N yeon Ty Kai n dlokopovan me Zy,;

. Mola ival n katavoun g Zp,;

. Mota gival n TuBavotnTa 0 TANBUCUOC Va £Xel e&aAelpBei atn yevia n; (P(Z4=0) =).
. Mota gival n TuBavoetNTa 0 TANBUCUOC TEAIKG va eE0AeIPBEi; (P(limy, | ,Z4=0) =)).
. Molieg €ival ol TtpolTI0BETEIC TEAIKAG EEAAEIYNC TOU TIANBLOUOV;

Av Z, 0 TTANBUOHOC YEVIAC N, TOTE Z,_q EivVal 0 TIANBUCHOC NG TIPONYOVHEVNG YEVIAG N — 1.
Eow 1, 2, ..., Zy_ 1 Mia apiBunon twv atopwy g yeviag n — 1. Kabe éva amod autd ta
atopa &eKIVA pia SIKr Tou dladikaaio dIaKAGdwaoNE Kal £0TW Y1, Yo, ..., Y1, Ol ATIOYOVOI
Twv atépwy 1, 2, ..., Z, 1 avrtigtoixa. Tote o MANBUOUOC 0T yevid n Ba gival icog pe 10
aBpoloua GAWV OUTWV TWV ATIOYOVWY, dnAadn

Z,_,
Zn: Z Yi

i=1
Eival a&loonueiwto mw 1o pEyeBog ¢ N yevedg eival éva tuxaiov TARBoug Z,,_q
a6poiopa, TUXaiwV HETABANTWV Y;.



12.1 YTTOAOYIGHOG E(Z,)) kou Var(Z))

Oeswpnpa

Eoww {Z(, Z1, Z5, ...} €ival pia dlodikaaio dlokAGdwang pe Zg = 1. 'ECTw Y N Katavoun
TOU TTIANBOULC TwWV attoyovwy, E(Y) = p kai Var(Y) = o2. Tote

. EZ,) =u".

. Var(z,) = o*n,avp=1 ka Var(z,) = o>p" "2 avp =1

ATTO81EN
E@appolovpe 10 Bewpnua:

\
'Eotw X1, Xo, ..., QVEEAPTNTEG KOl ICOVOUEG T. Y. pe E(X;) = p kat Var(X;) = 02. Eoww

}snionc N pio akOUO T. Y. PE TIMEG QUOIKOLG apIBUOLG Kal aveEaptntn amo ug X;, i=1, ...,.

‘A\} SN = Xl + X2 + ...+ XN’ TOTE

(B) Var(Sy) = Var(Xq + Xo + ...+ XN)

o =o? EN+pfovarN). |
NazZg=1,21=Y,Zy=Y1 +Yo + ...+ Yz, 1, KOl N =Z, 1 €XOUpE
E(Zy) =E(Y1+ Yo+ ... +YZq 1)
=M - E(Zp1)
=M - M- E(Zp2)

= M-H-... -4 E(Zp)
= l_jn
ErumAgov, av cupBoAilovue V,, = Var(Z,), 10te

VO = Var(ZO) =0,

Vq =Var(Zq) = Var(Y) = o2



Vp = Var(Z,,)

= Var(Yl + Y2 + ...+ an-l)
=02 - E(Z,,.1) + H° - Var(Zp,.q)
— 0-2 . un-l + ”2 . Vn-l'

ATo ) oxeon Vi, = a2 . un'l + u2 + V3.1 M€ OVOSPOUIKO GUANOYIGHO TIAPVOULE:

V1:02

Vo=02.pl+p2.02=p. 0?1 +p)

Vg=02 P2+ P2 -Vy=02 P2+ 3. 2L+ p) = p2 - 02(1 + p + pd)

V. = un-l . 0—2(1 + o+ lJ2 + .+ “n-l)

n
=02 . novp=1 n o2 pn=la—pm/a-p,avpzl
Napdadelypa 1
‘Eoww {Zg, Z1, Zo, ...} pia dladikaaia SloKAGdwang pe Zg = 1 kat Y ~ Geometric(0,3).
Tote P(Y = k) = (1 - 0,3)0,3 = 0,7%0,3, k > 0 ka1 evdeiktiké P(Y = 0) = 0,3, P(Y =1) = 0,21.
ErumAéov:
e u=EN™)=(@Q-p)/p=0,7/0,3 =2,33 aroyovol avd ATouo Kal

e o2=Var(Y)=(1-p)/p2=0,7/032=77810 = 2,8 dtoa.
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>t 10" yevid, avapévetal va LTIAPXOLY

E(Z10) = 110 =2,3310 = 47158 anoyovor
AloKOpavon TIANBoUC aTIoYOVWV:

Var(Zyg) =02 - u2 (1 -p10 /(1 - =7,78 2,339 (1 -2,3310)/ (1 -2,33) = 5,72 - 10".



TUTTIKN OTTOKAION:

[Var(Z,g)]42 = (5,72 - 107)1/2 = 7.563,1 dopa.

Napdadelypa 2
Eow {Zg, Z1, Zo, ...} p1a dladikaaia dloKAAdwaoNG e Zg = 1 kai Y ~ Geometric(0,5). Tote:
s M=ENY)=(1-p)/p=0,5/0,5=1 ardyovog avd ATOO Kal

. 2= Var(Y)=(1-p)/ p2 =0,5/052=2 N o = 1,4 dtoua.
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> 10" yeved, avapéveTal va uTIApXoLV

E(Z1p) = ulo =110 OTIOYOVOG

AloKOpavon TIANBoUC aTIoYOVWV:
Var(Z,g) = 02 - 10 =2 - 10 = 20.
TUTUKI) OTTOKAIO):
[Var(Z1o)1Y/2 = (20)1/2 = 4,5 ropa.

MNapadelypa 3
‘Eotww {Zg, Z1, Zo, ...} pia dladikaaia dlokAGdwaong We Zg = 1 kat Y ~ Geometric(0,6). Tote:

e y=E™)=(Q-p)/p=0,4/0,6 =0,67 artoyovol avd ATOO Kal

e o2=Var(Y)=(1-p)/p?=0,4/062=1,111 0 = 1,05 dtopa.
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¥ 10" yeved, avapéveTal va UTIAPXOLY
E(Z10) = 119 = 0,6710 = 0,017 améyovo
AlakOpavaon TTANBoUC aTIoyOVWV:
Var(Z1g) =02 - u2 1 -pl0% /(1 -p)=1,11-0,67% (1-0,6710) /(1 -0,67) = 1,03.
TUTTIKT) OTTOKAION:
[Var(Z1o)1+2 = (1,03)1/2 = 1,02 éropa.

Apaotnpiéotnta

Eow {Zg =1, Z1, Zp, ...} €ival pia dlodiKaaia SIOKAGdwaANG Me Y ~ B(2, V4). Tote, Kabe
Aatouo prtopei va €xel 0, 1 1) 2 amoyovoug JE TiBavoTnTEG

Na pnv £xel amoyovouc: P(Y = 0) = (2 avé 0) 0,259(1 — 0,25)2 = 0,5625 = 56,25%

Na £xer évav amdyovo: P(Y = 1) = (2 ava 1) 0,251(1 — 0,25)1 = 0,375 = 37,5%

Na £xel 300 amoyévouc: P(Y = 2) = (2 avd 2) 0,252(1 — 0,25)0 = 0,0625 = 6,25%

ETumnAéov, yvwpidoupe amo 1 Bewpia TIwg 10 JECO TIANBO0C aTIOYOVWVY Yio KABe dtopo Ba
eivat E(Y) =n-p=2 - ¥ =% pe diakOpavon Var(Y) =n-p- (L —p) =2 - ¥4 - % = 3/8.

Na Bpebei 1o avapevopevo TTANB0C ATIoyOVWY Kal TUTTIKI OTTOKAIoT TOU TIARBouG aTnv 5n
YEVIA.

12.2 MOavoyevvATPIO CLUVAPTNOT TOL TTANBLG OV TNG N-0CTHG YEVIAG

‘E0tw, Zp,_q 0 TANBLOPOC TG yevidg n — 1 kat Y1, Yo, ..., Y1, Ol QTIOYOVOI OUTWV TV
OTOMWV. MNapatnpovue Otl:

¢ O1Yq, Yo, ..., Y n 1, €IVl QVEEAPTNTEC KOI IGOVOEG T.J. HE TIUEG PUCIKOUG apIBUO0C

Kal Kowvr| TuBavoyevvrtpia ouvaptnaon Gy.
s Z,.q Eival pio TP, avegdpmnmn amd 1ug Yq, Yo, ...y Y1
* AVZ, =Y+ Yo+ .+ Y, 1, TOTE N TUOAVOYEWNTPIO GLVAPTNON TNG Sy €ival n
Gzn(2) = Gzn-1(Gy(2) = Gzn-10 Gy(2),
omou Gy(z) = E(zY) n Tlavoyevvntpia cuvdaptnon NG T.Y. Y.
ZuppoAiloupe G(z) = G1(2) kat G (2) = G,,(2), n = 1. KabBwg Z4 =Y, eival
Gy(2) = Gz1(2) = G1(2) = G(2)

Kal n oxéon



G7n(2) = Gzn.1(Gy(2)) = Gzp.10 Gy (2),

ypaoetal
G (2) = GL.1(G(2)) = G,,.1 0 G(2).

ATIO TNV TEAELTAIO OXEQN, BPICKOVPE OXETIKA PE TIC TIIBAVOYEVWATPIEC CUVOPTATEIC TNG
KOTOVOMNC TWV OTIOYOVWV:

Amtdyovor 116 yevidg: G1(2) = G(2)

Amtoyovor 215 yevidg: G,(z) = G(G(2)) = G 0 G(2)

Amtoyovol n1S yevidg: G(z) = G(G(...G(2)...)) =G 0 G 0 ... 0 G(2) (N POPEQ)

>Zuvoyidovtag:

‘Eotw Y n tuxaia petaBAnTA TTou avartapiotd 1o TTANB0C aTtoyovwy KABe evog atouou,
OTIOIOONTIOTE XPOVIKA oTyun Kal G(z) = E(zY) =% e NP(Y = K)zX, n TuBavoysvvitpia
ouvaptnon g Y. Av G (z) n TuBavoyevntpia cuvaptnon mg Zy,, 10te

Gp(2) = G(G(...G(2)...)) =G 0 G 0 ... 0 G(2) (N PopEg)

O evtomiopog G TuBavoyevwnTpiag ouvaptnaong G, ou EKYPACEL To TIANBOG aTIOYOVWY
Z, TNG N YeVIAG €ival YEVIKA Hiot BUOKOAN dladikaaia.

Ma rtapadelypa av Y ~ Poisson(A) 16te G(y) = ely-1) )‘, y € N Kal

(ed=11 — 1)

G,(y)=G(Gly)) = e<G(y())_ M= o
G,(y)=G,(G(y)) = el® DA _ e ~1)A

=e

QoT1000, LTTAPXOUV Kal KATIOIEG TIEPITITWOEIC TIOU Eival EQIKTEC, OTIWC N TIEPITITWON OTIOL N

Y akolouBsi TV FewpeTpIkr katavopr], dniadr, P(Y = n) = (1 — p)"p = qMp. Zmv
TIEPITITLWOT OUTH OTTOdEIKVUETOL OTL:

n—(n—1)s

n+1-—ns

(0" =1) —p(p"" = 1)s

(W™ = 1) —p(p" = 1)s

, avp =q=0,5.

, av p#q, Omov u = =,

o |a




12.3 MBavotnta y TeAIKNG eEAAEIPNE TOL TTANBUGHOD

Mia aTmé TIC TUO €EVOIAPEPOVOEC EPAPMOYEC TwV dlOdIKACIWY dlaKAGdwong eival o
UTIOAOYIOMOC TNC TUBAVOTNTOC TEAIKAG €&€a@Aviong €vog TAnBuopol, dnAadn 1ng
mulavotntag limy, | ,P(Z, = 0).

Mo apadelypa:

* [Mola givail n TBavOeTNTa PIo ATTOIKIO KOPKIVIKWY KUTTAPWV Va e£0@QaVIOTEI TIPOTOL
avaTttuBei o€ BApog Tou TEPIBAANOVTA IGTOU;

* MMola gival n TuBavoTNTa va eEA@AVIOTEL JIO IOAVCUATIKI) Q0BEVEIN TIPIV YiVEl
ETUONMIKNA;

* [Mola givail n TBavoetnTa 010 YEAAOV VO XOBEI TO OIKOYEVEIOKO ETTIOETO;
ZupBoAidouvpue
E,, = {Z, = 0} = {0 TTANBUCOG e&a@avileTal aTNV N — 0CTH YEVIA}
= {O€v LUTTAPXOULV ATIOYOVOI GTNV h — OCTH) YEVIA}
Tnv mBavotnta va e€a@avIoTei 0 TTANBUCUOC 0T N Yevid, TN oLKPBOAI{oLPE
Yn =P(Ep)

Av e€a@avioTei 0 TTANBUCPOC TN N — 0CTH YEVIA Ba TTOPAUEIVEL EEAPAVICUEVOC KOl GTNV
n + 1 yevid. AnAadr|, TTapoatnPOVUE OTI:

Eq CEp C..CE, C

Mo kKaBe diadikaaiog SIaKAGdWaNG TIOUL €EENICOETAI, EVA TNUAVTIKO EPWTNUA A@OPA TNV
TlavoTNTa 0 TTANBLOKOG Va EEAPAVIOTEI € KaTola Yevid n > 1. Kabwg E, CEp 41 Eivar

y = P(0 TtAnBUG HOG TeAIKG Ba eEaAe1POEi)
=P(Up ¢ NEn)
=P(lim,, _ ,Ep)
=lim, _ ,P(E})
=lim, | »Yn
Metoé Twv
Yn =P(Ep)
= P(Z,,=0)
= P(0 TTAnBuco¢ e€agaviletal TNV h — 00TH YEVId), n = 0,

UTIAPXEL Pia TIOAD Xprioiun oxEan.



Oewpnua

Mo kaBe n = 1, sival

ATTO01EN
H ouvaptnon G, =G o G o ... 0 G (n @opéc) eival n TuBavoyevvrtpia g Zy,, apa
Y = P(Z,, = 0) = GR(0) kat Y1 = P(Zj.1 = 0) = G.1(0).

Ouwg, Gp(2) = G(Gp.1(2)), dpa GL(0) = G(G,.1(0)) f 100d0vVapa Yy, = G(Yp.1)-

Oewpnuo

Av y gival n TuBavotnta TEAIKNE €€a@Aaviong Tou TTANBLCOPOD, TOTE N Y €ival N MIKPAOTEPN [N
apvntikA Abon NG €€iowaong G(s) = s, omou G(s) eival n TBavoyevvnTpIa TNG TLXAIOG
METABANTAC Y WE TNV OTIoix EKYPALETAI TO TIANBOC TWV ATIOYOVWY EVOC OTOMOU.

ATTOO€1EN

Apkei va amtodeifoupe oti: G(y) =y ka1 av G(s) = s, ye s € [0, 1], Tote s =y (N TtePITITILON
pidag s > 1 dev pag amaoXoAEl KaBw¢ TIpo@avwg Tote Ba ival y < s). MNpayuat, gival

Yy =1imp _ »Yn
=1imp | G(Yn-1)
=G(limp, _, »Yn-1)
= G(limg _, Yn)
= G(y), OLVETIWC, N Yy €ival Abon TG e€icwaong G(s) = s.
>1n OLVEXEID, Ba JEIiEOLUE TIWCE N Y Eival N HIKPOTEPN KN apvnTIKY AVon NG G(S) = s.

Mvwpidoupe ot T xpoviki atiypn 0 gival Zg = 1, dpa yg = P(Eg) = 0. 'Eotw twpa s € [0, 1],
Aoan ¢ G(s) = s. Kabwg, n ouvaptnon G eival avéovoa ato [0, 1] kai yg = 0, givau

Yo<S < G(Yg) £G(S) & Y15 « G(Y1)=<G(S) © Yp<S & ... o Ya<S,yiaKkaBeneN.

KaBwg, yy < s, yia kae n € N, givat kat limy | ¥, < dnAadn y < s, Kal amodeixOnke 1mwg
N TOavotnTa TEAIKAG EEAAEIPNC Y €ival N HiIKpdTEPN duvatr] pila tng e&iowang G(y) = .



Napdadeypa 3

Eow {Zg =1, Z1, Zy, ...} Hia dladikaaio SIOKAGdwaNG Ue Y ~ B(2, ¥4). Bpeite v
TUOAVOTNTA O TIANBUOUOC TEAIKA VO EEQAEIPOEI.

AOon

Mvwpicovpe o Y ~ B(2, ¥4) apa KaBe atopo pttopei va €xel 0, 1 1 2 artoydvoug PE
TOaVOTNTEQ

Na pnv €xel amoyovouc: P(Y = 0) = (2 avé 0) 0,259(1 — 0,25)2 = 0,5625 = 56,25%
Na éxel évav andyovo: P(Y = 1) = (2 avé 1) 0,251(1 — 0,25)1 = 0,375 = 37,5%
Na £xet 300 amoyovouc: P(Y = 2) = (2 avd 2) 0,252(1 — 0,25)0 = 0,0625 = 6,25%

Mepaitépw, av Y ~ B(n, p) yvwpiloupe o1t Gy(z) = (1 + (z - 1) p)".
Man=2kaip=%evatGy(s)= (1+(s-1)/ 4)2 =(atYa 5)2. AOvVoupE TNV e€iowaon

GiS)=s o (3at+¥ s)2 = s Kal Bpiokoupe AOCEIG (TTwg;) s=11s=9. Apa, y =1, dnAadn
TIANBUC GG TIOU avaTtapdyetal Pe Y ~ B(2, ¥4) gival BERaio twg Ba e€a@avioTEi.

MNapadelypa 4

Eow {Zg =1, Z1, Zp, ...} lia dlodiKaaia SIOKAGdWaNG pe Y ~ Geometric(Ya). Bpeite v
TUOAVOTNTA O TIANBUOUOC TEAIKA VO EEOAEIPOEI.

AOon

M'vwpilovpe 011 Y ~ Geometric(¥) apa KGBe dtopo pttopei va €xel 0, 1, 2,... ammoydvouc.

0.25
0.20
0.15

P(X=x)

0.10
0.05

0.00 T T

ErumAgov, yvwpidoupe 0Tt Gy(2) = p/[1-2z(1 - p)]. Na p = Ya eivai Gy(s) = 1/ (4 - 3s).
Abvoupe tnv €€icwaon
GiS)=s o (3at+¥ s)2 = s Kal Bpiokovpe ANoelg (Twg;) s =1/31s=1. Apa, y = 1/3,

dnAadn TANBuCPOC TIov avaTtapayetal ye Y ~ Geometric(Yz) €xel TuBavotnta 33,3% TEAIKA
va eEaAeIPOEi.



12.4 H TuBavotnta teAIKRG eEAAeIPng EapTATal OTTO TO PEGO TIARB0G OTTOYOV WV M.

ATTOSEIKVOETOI OTI €AV O PECOC OPIBUOC OTIOYOVWY OV GTOMO Eivol HEYOADTEPOG
arto 1 (dnAadn, To ATOUN AVTIKAOIGTOUV TOV £0LTO TOUG KOl KATI TIOPOTIAV®), TOTE N
Sl1adIKaCion SIOKAGSWONG €XEl BTk THIOAVOTNTA pOKpPOTIPOBea NG eTUIRiwONG —Ov
KOl Ttavta €ival éva evOEXOUEVO TTOU UTTopPEi v cuuBei. QoTdo0, €AV 0 HECOC apIBUOG
OTIOYOVWVY ava ATOMO €ival PIKPAOTEPOC 1 i00¢ Tou 1, TOTE ATTOdEIKVUETAL OTI O TIANBLOUOC
Ba e€aAelpOei pe BeBaiotnta.

21N CLVEXEID yia TN T.4. Y UTTOBETOLE OTL:
(0) Aev givan otabepn: P(Y =k) < 1, k € N.
Av 10 TTANB0C aTIoyOVWVY Y gival aTabepo Kal eyaAlTepo Tou 0, ToTE TTpo@avwg y = 0.

(B) Maipvel v ipn 0 pe Btk TuBavotnta: P(Y = 0) > 0.
Av P(Y = 0) = 0, tote G(0) = 0 Ka1 n YIKPOTEPN Pida gival Ttpo@avag 1o 0, dnAadn y = 0.

(y) Naipvel éotw kot pioTipn 22, A P(Y =0)+P(Y=1) < 1,
Me Tov TpOTIO0 QUTO Eival BERato TIwg n cuvaptnon G(s) sival kuptr. ETmAéoy, av P(Y =0) + P(Y = 1) =
1, té1E N povadiki Avan ¢ G(s) =s eivain s =P(Y =0) / [1 — P(Y = 1)].

(0) Eival (G'(1) =)E(Y) = p < +oo.
AV | = +oo, TOTE N ATIOBEIEN NG TIEPITITWONG U > 1, (ME KOTAAMNAEG TIPOCUPHOYEG) 0dnyEl opoiwg oTo
ouuTIEpOCUO Y < 1.

Oewpnuo

Eotw {Zg = 1, Z4, Zp, ...} Hia dlodKaaia SIKAASwaONG Kat Y n (un otabepr) T.4. TOU
TIANBOULC TWV aTIOYOVWVY KABE atduov. 'Eotw P = E(Y) 10 y€co TIANBOC aTIoyOvVWY Kal Y N
TUOaVOTNTA TEAIKNC EAAEIPNC TOL TIANBLGPOV. TOTE IGXVOLY Ta €ENC:

(i) Av p > 1 (supercritical case), 1ote y < 1.
H e€dAeidn dev gival aiyoupn av 1o JECO TIANBOC aTtoyOvwy ival P > 1.

(i) Av p < 1 (subcritical case), totey = 1.
H e€dAepn sival aiyoupn av 1o YEco TTANB0C attoyovwy gival p < 1.

(iii)) Av p = 1 (critical case), tote y = 1.
H e€dAeidn sival aiyoupn av 10 YECO TIANBOC aTtoyovwy gival g = 1.

ATTO81EN

Ma v amtédeign 6a aglomoirjooupe TIC €ENC IB1I0TNTEG TNC TIIBAVOYEVVNTPIAC GLVAPTNONG
TIOU €XOUE OTIOOEIEEI OE TIPONYOVUUEVEC TIAPAYPAPOLC:

« G()=1

* G(O)=P(X=0)

- ¢M©)/n=PX=n)

* EX)=G(1)

* G kuptjoto [0, 1]

* Hy eival n pikpdtepn Betikn pida tng G(s) = s oto [0, 1]

10



(i) Nepimtwon p > 1.

Eivar G(0) = P(Y = 0) > 0, apa 1o 0 d¢ev gival un apvntikn pida g e€iowong G(s) =s N
looduvapa y > 0. Ao 1o Bewpnua Taylor, yvwpilovpe TIwC yia s KOVTA GTO 1, LTTAPXEL
ouvaptnon h, pe lims_1h(s) = 0, T€to10 WOTE

G(s)=G(1)+G'(1) (s—=1)+h(s)(s-1)

=1+p(s—1)+h(s)(s—-1)
=us+1—-—p+h(s)(s-1) (u =1+ ¢, yia kKaT010 € > 0).
=(1+es+1—-(1+¢g)+h(s)(s—-1)
=s—(e—-h(s))(1-5s).

KaBw¢ lims_1h(s) = 0, uttapxel & Kovtd oTo 1, TETOI0 WOTE, yia KABe 6 < s < 1, va gival

[h(s)]<e - €=h(s)>0= (¢—-h(s))(1-s)>0.
ZUUTIEPAiVOLE OTI yIa KABE s € (0, 1] eival G(s1) = s1— (€ — h(S1))(1 — S1) < Si.

KaBwg G(0) > 0 kat G(S1) < S1, o110 T0 Ocwpnpa Evaiapeowv Tiywv (1] o116 10 Ocwpnua
Bolzano yia tn cuvaptnon f(s) = G(s) — S) TTPOKUTITEI OTI UTIAPXEL So € (0, Si) TETOIO WOTE
G(So) = So <1 1 100dVvvVapa WG Y < 1.

(ii) kou (iii) Mepimtwon p < 1.

Eivat G(0) = P(Y = 0) > 0, dpa 1o 0 d¢ev eival un apvntikn pida g e€iowong G(s) =s, N
1o0dUvapa TIwe Y > 0. Oa artodei§oupe PE €1 ATOTIO artaywyr oty = 1.

‘Eotw 0TI LTTAPXEL KATIOIO S € (0, 1) Tétolo WaTte G(So) = So. H auvaptnan G gival cuvexng
OTO [So, 1] KOl TTOPAYWYICIUN OTO (So, 1), ApPA, aTTIO TO Ocwpnua Méang TiUAG, Ba vTtdpXEl
KATIOIO C € (So, 1), TETOIO WOTE

G(1) - G(so)

G'le) = 1-5s,

=1,

Opwg, G Kupt Kol So<c <1 - G'(So) <G'(c) < G'(1) = p < 1, drorto.

MNapadelypa 5

Eow {Zg =1, Z1, Zp, ...} mia dlodikaaia dlokAGdwang pe Y ~ B(3, p). Na Bpeite 10
MEYIOTO p TTOU Va dlac@aAilel 6T 0 TTANBLOPOC OTO TEAOC Ba EEOAEIPOEL.

AOon

Eival p = E(X) = n-p = 3p. MNa va gival BERain n e€GAedn Ba pemtel p < 1 1 p < 1/3. Apa, av
n uun p = 1/3 gival n P€yiotn Tou dlao@aAidel 0TI 0 TTANBLOUOC TEAIKA Ba eEOAEIPOEI.
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Napdadelypa 6

Eow {Zg =1, Z1, Z5, ...} Hia dladikaaia SlIoKAGdwanNG pe Y ~ Geometric(p). Na Bpeite 10
ENAXIOTO P TIOU VA SIOC@AAIZEL OTI 0 TTANBLOPOC OTO TEAOC Ba EEOAEIPOEI.

AbOon

Eivai p = E(X) = (1 — p)/p. Na va gival BERain n e€drewyn Ba mpemel (1 —p)/p<lnip=1/2.
Apa, av n Tipn p = 1/2 gival n eAGX1otn TTou dIc@oAIlel 0TI 0 TTANBLOUOC TEAIKA Ba
eCoAelOEi.

12.3 Xpovog eEAAeIPng otn YEVIA N
YTToAoyIGLUOG XpOvou e&dAeIYnG EwG T yeVIA n
O uTToAOYIGHOC TNC TIIBAVOTNTAC

Yn = P(0 TTAnBuopdg Ba eopaviatei pexpl I n yevid) = P(Z, = 0),

yivetal pe xprion g mbavoyevvnIplog:
Yn = P(Z, = 0) = G,4(0).

YToAoyIouoG xpovou e&dAciPnG akpIBWC atn yevid n

O uTToAOYIGHOC TNC TIIBAVOTNTAC
P(0 AnBuouog Ba egagaviatei akpiBwg T n yevid) = P(Z,, =0, Z,_1 > 0).
Eivai {Z,=0, Z,.1 >0} U {Z,=0, Z,_1 =0} = {Z, = 0} kau
P(Z,=0,2Z,.1>0)+P(Z,=0,2Z,.1 =0)=P(Z,=0).
Opwg P(Zn =0, Z4.q = 0) = P(Z.1 = 0) (yati;) dpa
P(Zn=0,2,.1>0)=P(Z,=0)-P(Z.1=0) =¥y —Yn-1 = Gn(0) — G,.1(0).

MNapadelypa 7

Eoww {Zg =1, Z1, Zp, ...} €ival pia dladikacia SI0KAGdwang. Mo v T.u. Y yvwpilovpe ot
uTTopEl va Ttapel Ti¢ TIpéC 0, 1 kau 3 pe avtiotoixeg mibavotnteg 1/6, 1/2 kou 1/3.

Na Bpebolv
() TO AVAPEVOUEVO TIABOC ATIOYOVWVY Kal i SlaKOpavaT Tou TtARBouc otnv 9 yevid.

(B) n TuBavoTnTa va eE0AeIPBsi 0 TANBLopdE TV 31 yevid.
(y) n TuBavotnta va pnv eEaAelpbei Ttote 0 TTANBUCHAC.

(0) Av uTtoBeooupe 0TI 5 aveEdptnTa avtiypa@a auvtig TS dladIKaaioag dIOKAAdWaNG
g&ehicoovtal TautoXpova (dnAadn Zg = 5), va LTTOAOYICTEL N TUOAVOTNTA TENKNAG EEAAEIPNG

TOUL TIANBULCUOV.
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AbOon

Eow {Zg =1, Z1, Zy, ...} €ival pia dladikagia dlokAAdwang. Ma v T.u. Y yvwpilouvue ot
MTTOpED va Ttapel g TIpéC 0, 1 kau 3 pe avtiotoixeg mbavotnteg 1/6, 1/2 kon 1/3.

(o) YTtohoyidoupe

M=E(Y)=0-1/6+1-1/2+3-1/3=3/2

Var(Y) = E[(Y — )21 = (0= 3/2)2 - 1/6 + (1L — 3/2)2 - 1/2 + (3 — 3/2)2 . 1/3 = 5/4.

E(Zg) = p9 = (3/2)° = 38,4
Var(Zg) =02 - p8 (1 -9 / (1 —p) =5/4 -(312)8 - (1 - (3/2)9) / (1 - 3/2) = 2.400
TUTUKI) QTTOKAIO): [Var(Zg)]ll2 = 2.4001/2 = 49 atoua.

(B) Eivat G(s) =s0 - 1/6 + s1 - 1/2 + s3 . 1/3 = 1/6-(1 + 3s + 2s3). Apa,
P(Z3 =0, Z, > 0) = P(Z3 = 0) - P(Z, = 0)
= G3(0) - G»(0)
= G(G(G(0))) — G(G(0))
=0,2977 — 0,2515
= 0,0462
= 4,62%.
(eivat G(0) = 1/6, G(G(0)) = G(1/6) = 0,2515 kat G(G(G(0))) = G(0,2515) = 0,2977)

(y) Eival p = 3/2 > 1 apa n mbavotnta eEAAedng eival Pikpotepn ¢ povadag. MNa va v
UTTOAOYiIOOUPE ETTOKPIBWC AUVoLUE TNV €€icwan G(S) = s dNAadK) TNV e€icwan

1/6-(1 + 3s + 233) = s, n ortoia €xel piceg 1, (-1 - 30-5)/2, -1+ 30-5)/2. ATIO QUTEC N
MIKpOTEPN OTIKN pida gival n {ntovuevn Avaor, dnAadn y = (-1 + 30-5)/2 = 0,366 = 36,6%

() Mpodkertal yia 5 aveEaptnteg diEpyaaieg KABE pia artod TG OTToIEC £XEI TIBAVATNTA
egareiPng y = 0,366. Zuvemwg, n TIBavOTNTA va cLUPBEL avTd Kal oTig 5 digpyaaieg ivai

y° = 0,366° = 0,0065 = 0,65%

Mapadelypa 8

Eow {Zg =1, Z1, Zy, ...} €ival pia dladikagia dloKAAdwWang Kal Y ~ Poisson(A).

(a) YToB£tovTag Twg OevV atofIwVel Kavéva HEAOC TOL TIANBUC OV, TIPOCdIoPIaTE TOV
OVOUEVOUEVO OUVONKO TTANBLa o6 v 101 yevid.

(B) Mpoadiopiote, (kai Ye T Bonbeia LTTOAOYICTH) TNV TOAVOTNTA VO PNV LTTAPXOLV
HOKPOTIPOBECHO aTtOyovol Yo A =%, A = 1 Kol A = 2.

13



AbOon
(CX) E(Zo+zl+22+23+Z4+25+Z6+Z7+28+29+Zlo):

=1+p+p2+p3+p4+p5+p6+p7+p8+ p9+p10

=l -1)/(u-1),vpz11lavp=1.

Inueiwon
H aBpoiotikn 1010TNTa TNG VAREVOUEVNC TIMNG IoXVEL IO KABE GUVOAO TUXAIWVY PETARBANTWV.

(B) Y ~ Poisson(}) apa Gy(s) = e(S=1A AOvoupE tnv e€iowon
G(s)=sne®-DA=g

Av A =% 1 A =1 1 yovadiki Adon ival n's = 1 (a&lotoinate v aviowaon eX = x + 1).

Av A = 2 TOTE JE XPr)oN LTTOAOYIOTH ekTIHOVUE s = 0,2032, dpa y = 20,32%.

MNapadelypa 9

Kd&Be dtopo evog TTAnBuouoL avattapdyetal aveéaptnTa amo Toug GAAOUC Kal divel Tuxaio
TIANB0C ATIOYOVWVY OKOAOLBWVTOC TNV KATAVOWN

MARBo¢g amoyovwv 0 1 2 3+

Meavotnta 0,375 0,125 0,5 0

>V TTapoloa YeVIA UTIAPXOUV 6 ATopa, KABe Eva aTtd Ta oTToia £XEl TN dLVATOTNTA VA
TIopaéel amoyovoug. YTIoAOyioTe TV TiBavotnta TEAIKNC EEAAEIPNC TOU TTANBLGOU.

AOon
To avapevouevo TTARBo¢ amoyovwy eival y = E(Y)=0-0,375+1-0,125+2 - 0,5 =1,125.

Eival p > 1, apa n Tubavotnta eE€AAEIYNC y yia ToV TIANBUGHO TIOL TIOPAYETAl OTIO KABE Eva
ATOUO Eival HIKPOTEPN TNG Hovadac. Idlaitepa, n TIBavOTNTA Y EEAAEIPNC YIa KABE Eva
ATOMO OTIOTEAEI TN MIKPOTEPN BETIKN pida TNG G(S) = S, OTIOV

G(s) = E(sY) = 0,375 + 0,125s + 0,552 = 3/8 + 1/8 s + ¥ 52 = (3 + s + 452)/8
H emiAvon tng e€icwong G(s) =s diveis =% =0,75s = 1.

KdaBe éva dtopo TpoKeEITal va eEaAel@Bei pe TiBavotnta 0,75 = 75%. ZuveTIWE, yid TOV
OPXIKO TIANBUCUO TwV 6 aTOPWV N THBavOTNTa EAAEIPNC €ival

v6=0,756=0,178 = 17,8%
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Napdaderypa 10

Ta Boktpia avaropdayovtal Pe ITAaciaoud. KABe Xpovikr povada, €va PBOKIpIo Eite
Tiebaivel pe TuBavoTNTO Y4, gite TTOpapEivel {wvtavo Xwpig armoyovoug Pe Tubavotnta Ya
gite dimAaoiadetal pe Tubavotnta %. O apxIKOg TIANBUOUOC Twv PBoaktnpiwv eivar 100
aropa. ‘Eotw By, N Tuxaio ETOBANTI) TI0U EKPPALEl TO CUVOAIKO TIANB0UG BaKTNpiwy PETA N

XPOVIKEC OTIYHEG.
(o) Na Bpebei n TuBavoyevvitpia cuvaptaon g By,
(B) YToAoyiote Tnv TUBAVOTNTO TEAIKNE EAAEIPNG TOL TIANBUGCHOU.

(y) E0Tw mp, 0 YEYIOTOG apIBUOG Baktnpiwv T XPoVIKN oTiyur n. Na Bpebei o m, kai va
Bpebei N TUBAVOTNTO 0 TIANBLOPOC VA EXEL AVTHV TNV PEYIOTN TIPK TN XPOVIKY OTiyun n.

(8) Av yvwpiloupe TIw¢ TN XPOoVviK otiypr 50 uvttdpxouv 1.000 Baktipla, 10TE va Bpebei to
OVAPEVOPEVO TIANBOC BOKTNPiwV TN XPOVIKY oTiyun 51.

AOon

KaBe xpovik povada, Eva Baktiplo amodidel 0 aroydvoug (Tiebaivel) pe Tubavotnta Ya,
aTtodidel 1 attoyovo (Tov id10 Tou Tov €auTd OTaV TTAapaApEiVEl {WVTavO XWpIg aTtoyovoug) UE
TueavotnTa ¥ Kot Vo aTtoyovoug (dirtAaciadetal) Pe Tubavotnta Y.

(a) 'EOTw {j TO TIANBOG aToyovwy Tou i - 00ToL Baktnpidiov, i =1, 2, ..., 100 kal Zi(n) T0
TIANB0C aTtoyOvwy Tov i — 00ToU Boktnpidiou tnv yevid n . H TtiBavoyevvnpla cuvdptnon
e ¢ eival

G(S) = Ya SO +Yas+ Y 52 =1 . (1 +s+ 252)’
evéd n Tuavoyewiitpia auvapmon tou (M, =1, 2, ..., 100, eivan

cM(s)=GoGo... 0 G(s) (n Pop&c)
Av Z, 10 TARB0¢ amoyovwyv twv 100 Baktnpiwv ¢ n YEVIAC TOTE

Z,= Z]_(n) + Zl(n) + ...+ ZlOO(n)'

0] Zi(n), i=1,2,...,100 gival ave€dptnteg PETAED TOLC TLUXOIEG METARBANTEC Apa N
Tavoyevvitpia ouvaptnaon g Z, Ba gival 1o yIvVOUEVO Twv ETUMEPOUC TIIBAVOYEWNTPIWY,
onAadn

Gzn(s) = [6(M(e)100,

15



(B) KaBe Boktnpidlo avartapdyetal aveEApTnTa artd ta uTToAoITIa. Apd, N TUBAVOTNTA
€€AAEIPNC TOL CLVOAIKOU TTANBLCOUOU €ival (o YE TO YIVOPEVO TwV TIBAVOTATWY eEAAEIPNG
KABE evog artd autd. H ubavotnta e€aAeiPng evog ato autd ival n pikpdtepn BeTIKN pila
¢ e€iowong G(s) = s.

Eivai: G(s) =s o 1+s+282=4s9282—35+1:OHs:1/2ﬁs:1.

Apa, n TBavotnta eEGAEIPYNG TOU TTANBUC OV TIOL TIPOEPXETAI ATIO Eva BOKTAPIO Eival y =
% = 0,5 = 50% ka1 n rubavotnta e€aAeIPng Tov TTANBLUGHOL TIOL TIPOEPXETAI OTIO TO

oUVOAO OAWV TwV 100 PBaktnpidiwv cival (1/2)100 =79 1031,

(y) To péyioto TARB0C Baktnpidiwv TIPOKUTITEl OTAV KABE Eva atto Ta 100 Baktnpidia
dimAacialetal dnAadr) otav divel 2 amoyovoug. Apa, my, = 100 - 2N ErumAéov, o€ kdBe éva

artéd ta BApota i =0, 1, 2, ..., n, KABWC n TBAvOTNTa SITTAACIACHOU Yio Eva BAKTAPIO gival
Y%, N TuBavotnta dImAAcioopoL yio o my, Boktpia gival (Y2) mp, YTIoAoyi(oupE:

P(Zn = mn) = P(Zn = Mg, Zn-l =Mp1s - Zl =mjy, ZO = mo)
=PEZn=mpnlZn1=mp1)  P(Zn1=Mp 1 Zn2=mpp)

P(Zl =mq | ZO: mo) . P(ZO: mo) =

l m, , l m, , l mo_ l 100(2" "+ . +2+1) B l 100 - (2" — 1)
2 2 o2 2 |2

() To avapevouevo TIANBOC aTtoyovwy yia KaBe Eva amo ta 1.000 Baktrpia givai
M=E()=0-Ya+ Y% -1+%.-2=5/4=1,25.
Apa, TO avapevopevo TIANBo¢ Baktnpiwy oto BAua 51 yia ta 1.000 Baktipla Ba givai

M1000 = 1000 - M = 1000 - 1,25 = 1.250 Baktipia.

ZNUEIWTEIC

Eivat G'(s) = [“4 - (1 + s + 252)]’ =Y - (1 + 4s). To avapevouevo TIARBOC aTToyOVWY 100dLUVaLd
MTIOpOUUE va TO UTIoAoyiooupe wg Y = G'(1) = 5/4. EumAéov, aglomoindnke n abpoICTIKN] 1I310TNTA TNG
OVAEVOUEVNC TIMNG TIOU I0XVEL Yo KABE opada TUXaiwY PETARANTWVY.
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Napdadelypa 11

‘Eva mtaiyvidl Toxng &ekivael pe 3 eupw oTo TPATEQ. KABE Ttaikng pixvel éva apl.
Av 10 {ap! givarl 1 1) 2 T6TE 0 TtaiKTNG Ttaipvel 1 eupw aTo TPATIEQ.

Av 10 ap! gival 3 T0TE Eovapixvel.

Av 10 (apI givar 4 ToTE Badel 1 evpw oTO TPATTEC.

Av 10 (dpI gival 51} 6 Badel 2 evpw OTo TPATTEC.

To Ttaiyvidl TEAEIVEL 0TV eV LTIAPXOULV TIAEOV XPrHOTA OTO TPATIEC.

(a) MpoadlopioTe Ta “ATopa”, Kal TIC EVVOIEC TNC “avartapaywync” Kal g “yeviag” Bacel
TWV OTIOIWV TO TIAPATIAVW TIOIXVidl UTIOPEL va BewpnBei w¢ pia diadikaaia dlakAGdwaonc.

(B) Na BpebBei n ruBavoyevvAtpia guVAPTNON TOU GUVONIKOU TTANBOG EVPW Z, TIOU
OTIOPEVOLV OTO TPOTIEQ OTNV N “yevid”.

(Y) No Bpebei 10 avapevouevo TTARBOC XPNHATWY GTO TPATIE ATV N “yevid”.
(6) Na vTtoAoyIoTEl N TIBaVOTNTA PE TNV OTToIa TO TTaIXVIol TEAIKG B0 OTAUATIOEL.
AOon

(a) Ta va ekppdooupe TN dlodIKacio Tou TIAIXVISIOU w¢ Mia dladikaaio dlakAGdwaNg
BewPOLPE WG OPXIKO “ATop0” KABE €va aTtd Ta 3 EVPW TIOL PpicKovTal ApXIKE GTO TPATIEQ
KOl KAaBe “yevid” ta €upw Tou Oarmopévouv ot B€on Tou KABE €vOCg, PETA ATIO dia
OULVEXOUEVN aKoAouBia Traixvidlwv o€ TIANBOC 00O Kal T ELVPW TIOU PpicKovtal OTo
TPOTEY. AnAadn, av Zg = 3, TOTE

Zq = T0 EUPW TIOU BpioKoVTal OTO TPATIE( YETA aTIO 3 PIYEIC.

Av (yio TTapddelypa) JETA atto 3 piYelg Ta evpw OTo TPATIEQ €ival 4 TOTE

Z5 = T0 EVPW TIOU BPiCKOVTAI OTO TPATIE(! YETA ATIO AANEC 4 PIEIC.

Me Tnv Topamdvw Bewpnon, To KABe gupw TIOL Ppioketal oTo TPATIEQ OTIOIOONTIOTE
XPOVIK] OTIyur] TTpOCOUOIAdel o€ “ATOPO” TIOU “avaTtopayetal” Pe TIANBOC atoyovwy Y,
OTI0L

P(Y =0) = 2/6 = 1/3 (Mg 1 } 2 0 TaIKTNG TTaipVEl Eva ELPW)
P(Y = 1) = 1/6 (ue 3 TO EVPW PEVEI ABIKTO)
P(Y = 2) = 1/6 (U 4 10 eupw AITTAACIALETOI KOBWC O TIaIKTNG BAlEl Eva)

P(Y =3) =2/6 = 1/3 (ue 5 1] 6 T0 eVPW TPITTAACIALETAI KOBWC O TIAIKTNC BAlEl dLO)

(B) Eotw ¢j 10 TTABOC TwV EVUPW TIOL PEVOLV OTN BE0N TOL i - 00TOL gVpwW, i =1, 2, 3 Kal

Zi(n) T0 TIANB0C eVpw TN Yevid n . H TuBavoyevvAtpia ouvaptnaon g ¢; giva

G(s)= 1/3s0+1/6s+1/6s2+1/3s3=1/6 - (2+s +s2 +253),

17



EVW N TIIBAVOYEVVATPIO CUVAPTNOT) TOU Zi(”), i=1, 2,3, cival
G(M(s)=GoGo ... 0 G(s) (n popéc)
Av Z, 10 TTANB0C EVPW “aTIOYOVWV” TwV 3 OPXIKWVY EVPW OTN N YEVIA TOTE

2= M + (M + 7,0,

o] Zi(”), i=1, 2, 3 eival avedptnteg HeTa&L Toug TLXAIEC HETOPRANTEC Apa N
Ti@avoyevvrtpia ouvaptnan Mg Z, Ba gival 1o YIVOUEVO TwV ETUMEPOUC TIIBAVOYEWNTPIWY,
onAadn

Gzn(s) = ().

(y) Eivar G (s) = 3[6(M(s)12[G(M(s)](D) Kan
[6(Mg)D = cW((M-s)) . cW(c(M-2s)) - ... . cLs)
KaBeg G(1) = 1, umodoyidoupe, E(Zpy) = G, (1) = 3 D).

Eivat, G(s) = 1/6 - (2 + s + s2 + 253), apa G(U)(s) = 1/6 - (1 + 2s + 652) ka1 G()(1) = 9/6 =
3/2.

Kotoryoupe ot E(Z,,) = G(l)Zn(l) = 3(3/2)"=3"*1pn

(0) H TuBavotnta e€aAsPng y ToL KABE evOC ATIO TA APXIKA ELPW Eival N PIKPOTEPN BETIK
Abon ¢ e€iowaong G(s) = s. Abvovtag v e€iowoan Bpiokovpe s = -2, s =Y kal s = 1, apa
y = % = 0,5 = 50%. KaBw¢ kabe éva amod 1a apXIKAd €upw aviikobiotatal pe TPOTIO
QVEEAPTNTO UE TO GAND, CUUTIEPAIVOUE OTI N TIIBAVOTNTA TO TIAIX VIOl VO OTOUATICEL €ival

(1/2)3 = 1/8 = 0,125 = 12,5%.
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