QE4. Quantum Solid-state
Physics

Semiconducting devices:
* Kronig — Penney Model
e Effective mass
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Atomic Potential — Linear Array of Atoms
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Surface

PE of the electron around
an isolated atom

When N atoms are
arranged to form the
crystal then there is an
overlap of individual
electron PE functions.

2
PE of the electron, V(X), V(F) — Z —qe
inside the crystal is 4}3_5 |}" B Hal
0

periodic with a period a.

The electron PE, V(x), inside the crsytal
is periodic with the same periodicity as
that of the crystal, a. Far away outside
the crystal, by choice, V =0 (the
electron is free and PE = 0).
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Bloch Theory - Bloch’s Waves (1D)

If a periodic potential with period “a” can be defined as:

U(x+a) = U(x) = U(x+na)

Then the wavefunction is periodic, and can be defined in terms
of base function:

¥ (x+a) =e***P(x)

Where P(x) = et**u(x)
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Kronig-Penney Model

Approximate crystal periodic Coulomb potential by rectangular periodic potential

- j d ;'Z_E"") LV (W (x) = Ep(x)

Linear Array of Atoms

Single Atom V(x)

= —————— —— —————

—(atb) —=b 0 a a+t+b
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Wavefunction Periodic Boundary Conditions

V(x)
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—(atb) =b 0 a a+b
Region I: ¥; = Ae(* + Be~tkx
Region Il: ¥} = Ce'%* 4 De~i0*
Region IlI: Connected to ¥}, via Bloch's Theorem
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Periodic Conditions

¥,(0) =¥,(0)

d¥,(0) _ d¥,,(0)
dx dx

W, (a) = e DIY (=b) = ¥}, (0)

d¥,(a) _ pik(a+h) d¥,,(—b)
dx dx
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Solve the systems of 4 linear equations

Boundary between lland l,at x = 0

1) Pu(x=0) =Y(x=0)
Ce® +De® =A4e°+Be® - A+B=C+D

2) Yy(x=0)=1yi(x=0)
QC — QD = iKA—iKB — IK(A—B) =Q(C —D)

Boundary betweenlandlll,at x = a 0—
3) Wk = @) = Y = 0) = K@Dy (= by ) o-

AeiKa 4 Bo—iKa — pik(a+b)[rp—0b 4 [)o0QP]

4) YPj(x = a) = P, (x = a) = e*@tbly '(x = —b)
AiKe'Ke _ BiKe iKa — pik(a+b)[r0e—CP _ DeQP]
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K-P Solution — Allowed energies and gaps

Q* —

KZ

20K

sinh(Qb)sin(Ka) + cosh(Qb)cos(Ka) = cos|k(a + b)]

(Q and K have E in them, so in principle, given a k we can solve for E to get E(k).

In practice must be done numerically.

2
K*(a+b)’ = 2mE(haz+b) = 0.262468 E (a, +bo)2 — ¢
2
Q2(a+b)2 _ Zm(U—:;)(Cl—I—b) _ 0.262468 (UO _EO)(aO +b0)2 —y—c
k(a+b)=x
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K-P Solution — Allowed energies and gaps

QZ _ KZ
20K

sinh(Qb)sin(Ka) + cosh(Qb)cos(Ka) = cos|k(a + b)]

\ 4

Uu—¢ (u—2¢) Je aNu

Ve ]cosh(a ] sin( )sinh][ _g] = cos(k)

_|_
l+ l+o 2\/1/1—5\/; l+a l+o

H(g)=cos|
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K-P Solution — Allowed energies and gaps

LU-}yf)

0.5¢

~0.5} \\
~1.1 ot e

The right hand side of the Kronig-Penney expression, H(g) as a function of €, where u=100. a =b/a =
0.1/3. The energy gap exists in the green zone where |H(g)|>1. € =(9.87507 - 15.4575). €= (39.5002 -
45.6691), € = (88.8754 - 95.1686), and € = (158.0 - 164.288).

The energy gap width (Ae) is the same
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E — k Diagrams (energy dispersion diagrams
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scheme. b/a=0.1/3. u =100.
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E — k Diagrams (energy dispersion diagrams)

E
A

o Second

] Band  Brillouin Zone

|

R E :

| nerey sap . The E-k behavior for the electron
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Energy gap
2nd BZ ond BZ
band _ &
- 1st BZ
band

1st BZ
band

Bands overlap

[10] (1] energy gaps

(a) Metal

E — k Diagrams (energy dispersion diagrams)

(a) Metal: For the electron in a metal there is
no apparent energy gap because the 2nd BZ
(Brillouin Zone) along [10] overlaps the 1st
BZ along [11]. Bands overlap the energy gaps.
Thus the electron can always find any

energy by changing its direction.
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band —
Energy gap Energy gap = Eg
1st BZ
band
[10] [11] Overlapped
energy gaps

(b) Semiconductor and insulator
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(b) Semiconductor or insulator: For the
electron in a semiconductor there is

an energy gap arising from the overlap
of the energy gaps along [10] and [11]

directions. The electron can never have
an energy within this energy gap, Eg.
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/ero bandgap - Graphene
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E — k Diagrams (energy dispersion diagrams)

The E-k Diagram The Energy Band
Ey Diagram
0 The E-k diagram of a direct bandgap
CB semiconductor such as GaAs. The E-
k curve consists of many discrete
points each point corresponding to
a possible state, wavefunction
Vi (X), that is allowed to exist in the
crystal. The points are so close that
we normally draw the E-k
relationship as a continuous curve.
In the energy range E,, to E. there

are no points (y,(X) solutions).
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E — k Diagrams — Electric field

E =

A

E

A
CB _ CB
Lattice
scattering

Lattice
scattering

)
k' k+ k1+ 2+
K < ’T‘ > Kk kK < A > K
X <— Kay =0 —>X X < Kay > 0 —>x
(a) In the absence of a field, over a (b) In the presence of a field E in the -x direction, the
long time, average of all k values is electron accelerates in the +x direction increasing its k

value along x until it is scattered to a random k value.
Over a long time, average of all k values is along the +x
direction. Thus the electron drifts along +x.
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zero, there is no net momentum
in any one particular direction.
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E — k Diagrams — Hole movement

(a)
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(a) In a full valence band there is no net
contribution to the current. There are equal
numbers of electrons (e.g. at b and b') with
opposite momenta.

(b) If there is an empty state (hole) at b at the
top of the band then the electron at b’
contributes to the current.
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Effective mass

In vacuum In semiconductor

Fexr = (-Q)E

F=qe= m,da Fexr+ ant= m.a
— *
Fext =m n a
where
. where
m,Is the electron mass m_* is the electron effective mass
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Effective Mass

dx dw
VvV =m=— = ——
b dt dk
1dE
w=E/A>vg=——
h dk Group Velocity defined as the velocity of the
> dE = vg H dk dx = v_dt wavefunction of the electrons (analogous to
! g
speed of sinusoidal wave ).
dE =F, ., dx =F,, vgdt
1 dE dk

F,,=——>F,,=h—
ext vg dt ext dt
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Effective Mass

dv, d[1dE] 1d [dE] 1d [dEdk
Acceleration: 4= "0 T arlnar| T ndk [de| T rdk |dk dt

C1d’E dk 1 dZEhdk_ 1 dZEF
 hdk? dt  h2dk?  dt  h2dk?

a

But F.., = m™ ¢, thus:

ext

. [1 a2 d2E1""
m = h?

Tz dk?
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The End
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