Appendix A Review of Essential Math

Here we review the math that is used in the text.

A.1 Differential Equations

Differential equations for physical systems establish a relationship between differentials. A differ-

ential such as J;(t ) or J;( %) represents the change in ffor a small change in the independent variable
X

f() df(t) fora

for space (x) or time (f). A second order differential, like say —=, is then the change of —

#x(t) F(x)

small change in ¢. From simple mechanics, Newton’s law has the form —= where F(x) is

the force, m is the mass, and now x(¢) (the position) is the dependent Varlable and t for time is the

independent variable. So —= &0 -

And &0 dx(t)

= & is then the change in x for a small change in t and is the velocity.

= X is the change in —= ( 20 for a small change in ¢ and is the acceleration. Newton’s law

F
then says that the acceleration, d;t) ,is —= "9 here F is the force and m is the mass.
m

d & d
We are interested in linear differential equations, meaning that terms such as J;(x) ; (Zx) s {1(;)’
X X
f ( D)

may appear, but not terms that involve higher powers of these terms such as ( ) The order of

4

the differential equation is given by the number of times a given operator such as e ; operates
X

on the function f(x) or f(¢), respectively. So*

df (x)

1) =0 (A1)

is first order, while

&f @ . df (x)
dx2

+cf(x)=0 (A.2)

is second order.
When all the operators and the unknown function are on the left-hand side and the right-hand
side is zero such as

df (x)

+f(x)=0 (A.3)

! Note that in this discussion, there is just one independent variable for the sake of simplicity. That variable is usually
either space or time (x or t, respectively). Rather than give each discussion in what follows in terms of say first time and

then space, we will just arbitrarily pick x or ¢, assuming then that the reader can easily substitute the variable interest

f() f()

for their own problem. Language such as the word “gradient” for —— or “rate” for —= should be changed, as required.
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or

&f @ df (x)
dx2

+cf(x)=0 (A.4)

then the equations are homogeneous. When there is a function on the right such as

df (x)

+f(x) = g(x) (A.5)
or

2
% adj;(:) + ¢f (1) = sinwt (A.6)
the equations are inhomogeneous.

First order linear homogeneous differential equations have one solution, second order linear
differential equations have two solutions, etc. An inhomogeneous differential equation has the
particular solution, f,(t) or f,(x), associated with the function on the right-hand side, and also
with the solution or solutions to the homogeneous equation. So for Eq. A.6, the total solution is
f®) = ALfi(®) + A /(1) + £,(£). In the case of the a time dependent problem, A, and A, are
determined by the initial conditions, two in the case of a second order differential equation.

Examples of Solutions to Homogeneous Differential Equations

1. The solution to a first order homogeneous equation of the form

df (x)

+bf(x) = 0 (A7)

can be found by rearranging and integrating:

dfx) _
™ bdx (A.8)
#w /
™ =-b | dx (A.9)
Inf(x) =—-bx+a (A.10)
f(x) = Ae™ (A.11)

where A = ¢ is a constant. to be determined by the boundary conditions.

Note on boundary and initial conditions: In solving a differential equation, since the equation
represents a relationship between different derivatives of a function and the function, the solution
for the function is going to depend on the starting value of that function when the independent
variable (say x or ?) is zero. So, in the above example, A is going to be determine by the value of
f(x) when x = 0. That is called a boundary condition. If the problem involved time instead of

space, like f(£), you would need to know f(t = 0) which is then an initial condition. If a differential

L IOl (C))

equation is n'* order, meaning the highest order derivative is ——= , then there must be n

initial or boundary conditions. Think of Newton’s second law, wh1ch is second order in time, then
dx(r)
dt

the position x(#) and velocity v(¢) = must be specified at t = 0.
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2. The solution to a second order homogeneous equation of the form

Ff()  df() B
I + aT +0f(H) =0 (A.12)

can be found by assuming a solution of the form
f)y=e" (A.13)

The same approach used in case 1 above would work, but the above approach is now a little
simpler. Substituting this form, taking the derivatives and dividing through by e’* results in a
quadratic equation given by

yi+ay+b=0 (A.14)

With the solution given by the quadratic formula
Yy = % (—ax Va2 —ab) (A.15)
Note that when a = 0 and b is real and > 0, then
Ve = J_rz%\/Z (A.16)

where
i=v-1 (A.17)

The two solutions to the homogeneous equation are

J = Agel+t (A.18)
and
fro = A_el! (A.19)

The complete solution is
fu(®) = Aper+ + A_e-! (A.20)

where the constants are determined by the initial conditions (boundary conditions if the indepen-
dent variable is space).

In case

a’—4b=0 (A21)
then

y, =y =22 (A22)
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and the general solution is then
fi() = A’ + Ajte?! (A.23)

Solutions to most common and physically relevant differential equations are tabulated, meaning
they can be found in published tables.?

Examples of Solutions to Inhomogeneous Differential Equations

The solution to an inhomogeneous differential equation is called the particular solution as indicated
earlier.

1. To solve an inhomogeneous first order differential equation of the form

df (x)
dx

+ bf (x) = g(x) (A.24)
we introduce an integrating factor:
ebx (A~25)

Then we can recover the above inhomogeneous equation by noting that

i bx — bx M )_ bx
= (™f(x) =e ( ot bf(x) | = e?*g(x) (A.26)
We can integrate this equation:
/.dxi (e’”‘f(x)) = /dx e g (x) (A.27)
dx
e f(x) = fdx’ebx/g(x’) (A.28)

where x’ has been substituted on the right to distinguish between the x that is in the integral and
the x on the left that is not in the integral, so that

fx) = f dx' et g (x) (A.29)

The subscript p denotes the particular solution to the inhomogeneous equation.
As indicated earlier, the complete solution to an inhomogeneous first order differential equation
is then the sum of the homogeneous solution and the inhomogeneous solution:

F) = fulx) + fo(x) = Ae b 4 7bx f dx’'e? g (x") (A.30)

and A is determined for the boundary condition for f(x) (not just for the homogeneous part).

* For this and many more helpful mathematical relationships, see for example Murray R. Spiegel, Seymour Lipschutz
and John Liu, Schaum’s Outline of Mathematical Handbook of Formulas and Tables, 4th Edition, McGraw Hill (2013).
Also, Milton Abramowitz and Irene A. Stegun, Handbook of Mathematical Functions, National Bureau of Standards
Applied Mathematics Series 55, US Government Printing Office (1964).
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2. To solve a second order inhomogeneous differential equation, the complete solution is of the
form

f() = fil(x) + £,(x) (A31)

where the two constants in the solution f;,(x) are again determined for the boundary conditions for
f(x). The steps for generally finding the particular solution, f,(x) are beyond the current discussion,
but this is often done with a Green’s function approach.?

A.2 Partial Differential Equations (PDE)—Method of Separation of Variables

Much of the analysis and models in this text are limited to one dimension in order to keep the math
simple and because in today’s technology, a one-dimensional system has technological advantages.
A one-dimensional differential equation of the form:

d*f(x)
dx?

+bf(x) =0 (A32)

may be generalized to two or three dimensions when appropriate. For example, the equation
for electromagnetic waves including light and radio is often a three-dimensional problem. Like
mechanical vibrations of a three-dimensional object, quantum systems like atoms, and thermal
transport for heat management, many devices require a solution to the equivalent three-dimensional
equations. We can deal with this by replacing the differential operator with the appropriate V
operator where, in three dimensions in Cartesian coordinates, for example:

sz(x,y, z) + bf(x,y, z) =0 (A.33)
where

, @ &

=— 4+ —+ — A34
0x2 * 0y? * 0722 ( )

This equation is solved by the method of separation of variables and, since the three coordinates
are independent of each other, it must be that this equation holds only when

f(x.p.2) = Lf,()f(2) (A.35)

If we substitute this into the partial differential equation and then divide by f(x, , z) we get

1 O 1 950 1 8L

]% 0x? +]% 9y2 +fz(Z) 322 +b=0 (A.36)

Since this has to hold for all values of x, y, and z, it means that

16

* George B Arfken, Hans J. Weber and Frank E. Harris Mathematical Methods for Physicists, 7th ed., Elsevier,
Amsterdam (2013).
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’L0)
199 a, (A.38)
L) oy?
1 8£(2)
= A39
@ e (39
where
ay+a,+a,=-b (A.40)
A.3 Eigenvalue Problems
In general, if A is an operator like :—22 or V2, then the equation
Au,(x) = auy(x) (A.41)

where a is a constant, is called an eigenvalue equation. Then u,(x) is the eigenfunction and 4 is the
. e 2 &
eigenvalue. So, if A = oy then
X
dz
@ua(x) = —auy(x) (A.42)
The solution is

U, (x) = exVox (A.43)

If there are no constraints like boundary conditions, then a can take on any positive value., and :—;
is said to have a continuous spectrum of eigenvalues. Sometimes, in this case, the eigenfunction is
written as

u,(x) = u(a,x) (A.44)
If there are constraints, such as that the function must satisfy periodic boundary conditions, e.g.,

etivax — pxivfa(x+L) (A.45)
then this is only satisfied for specific values of a. Namely,

erial = |
Limiting the values of a to

\aL = 2mm where m is a positive integer (A.46)

or

0= (_) (A.47)



A.3 EIGENVALUE PROBLEMS
In this case, the spectrum of eigenvalues is discrete and we write u,(x) as

Uy (X) = 1, (x) (A.48)

For either a discrete or continuous spectrum of eigenvalues and assuming that the operators are
Hermitian, meaning an operator P is Hermitian if /' ;0 dx g"(X)Pf(x) = [, go dx(f)g(x))* f(x) for an
arbitrary and well behaved g(x) and f (x), there are an infinite number of eigenfunctions and the set of
all eigenfunctions for each case forms a complete set. If the boundary conditions allow —co < x < o0,
then any f(x) can be expanded in terms of the eigenfunctions. In the case that the spectrum of
eigenvalues is discrete, it means that f(x) can be written as:

@) =) cuttn(x) (A.49)
m=0

where c,, is called an expansion coefficient. This is a countably infinite series. This is very similar to
the ideas learned in the study of the Fourier series. If the spectrum of eigenvalues is continuous, we
could then expand f(x) in terms of an uncountably infinite series,

flx) = / da c(a)u(a,x) (A.50)
0

where again c¢(a) is an expansion coefficient.

It can be shown that, for the operators of interest in these notes and that are associated with
an observable (i.e., the operators are Hermitian), the eigenfunctions are orthogonal and can be
normalized (ie., they are orthonormal), mathematically meaning that, for eigenfunctions with
discrete eigenvalues,

1 n=m

/ dx uy()u,,(x) = (u,()|u,(x) = 6,,, = {O nsm (A.51)

where §,,, is a Kronecker delta. A shorthand notation has been introduced to simplify the writing
and calculations and looks similar to Dirac notation though it is definitely not Dirac notation,
which describes eigenvectors in a Hilbert space. For eigenfunctions with a continuous spectrum
of eigenvalues, the orthonormality is given by

f dxu* (a',x)u(a,x) = (u(a',x)|u(a,x)) =6 —a) (A.52)

where & (a’ — a) is the Dirac delta-function with the property that /. dxf(x)8 (x — x) = f(x,),
discussed below.

We can use these results to find the expansion coefficient above. For the case of a discrete spectrum
of eigenvalues,

f@) =) cutty(x) (A.53)
m=0
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We then multiply both sides by u;};(x) and integrate over x:

o]

f dr (D ) = f dx Y et = S e [ dei @00
—00 m=0 -

—00 m=0 e
©
= Zmzocmanm =G

Therefore, with n reverting now to the symbol m:

n= [ dvunor

For the case of a continuous spectrum of eigenvalues,

flx) = f da c(a)u (a, x)
0

We then multiply both sides by u* (a’, x) and again integrate over x:

f dxu*(a',x)f(x) = f dx/ da c(a)u* (@', x) u(a,x)
—00 0

—00

= f da c(a)f dxu* (a',x) u(a, x)f dacla)é(a —a)=c(a)
0 —00 0

Therefore, after a’ reverting back to the symbol g4,

cla) = / dx u* (a, x) f(x)

-0

A4 Complex Numbers and Euler’s Theorem

For real numbers x, and y, a complex number z is written as
z=x+iy

where
i=V-1

Euler’s theorem says that
z=x+iy =Rexp(i6) = RcosO + iRsin 6

where

R=./x*+ y?and tan@z%

Complex numbers are represented in the complex plane as shown in Fig. A.1

(A.54)

(A.55)

(A.56)

(A.57)

(A.58)

(A59)

(A.60)

(A.61)

(A.62)



A.5 DIRAC DELTA-FUNCTION

Fig. A.1 Complex numbers are often represented in the complex plane.

A.5 Dirac Delta-Function

The Dirac delta-function has physical meaning only under an integral and defined by the property

that
[ axse00 =500
Or, by changing variables, it is easy to show that

/ dx f(x)8(x — x4) = f(x0)

(e8]

Likewise,

f dx f(x)3(ax) = ﬁf(ox lal > 0

From the Fourier theorem it can be shown that
/ dk e=* =) = 2728 (x — x')

Proof: It follows from Fourier theory that if

F(k) = \/% f_ dx e £(x)

and
1 [ ,
= — dk e~ F(k
() ﬁf-w ek (k)

Then the Fourier integral theorem says that

F) = % / dk e / dx'e® f(x')

(A.63)

(A.64)

(A.65)

(A.66)

(A.67)

(A.68)

(A.69)
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Reorganizing, we get

F0) = f_ oodx'<% f_ K& e—fk(x—x’)) Fx) (A.70)

This is only true if

L ® —ik(x—x") — W
T f_wdk e =6(x—x") (A.71)

Another form for the Dirac delta-function that is convenient to use is

5 (k—ky) = lim ——¢~(5") (A72)

a—oo a T

A.6 Gaussian Integral

ax? —ax®+bx

The functional form e™** or e is called a Gaussian. The second form is equivalent to

. L . b, P v
displaced Gaussian since the exponent can be rewritten as ax* — bx = a <x2 --+ —) - — =
a

4a? 4a
(=) -5
ax——] ——
4a

(s3]

f dx e = / %; Rea>0 (A.73)
—0o0
0 gl

f dx emox'+bx = ;eﬂ; Rea>0 (A.74)
—0o0

Note that more complex integrals involve a Gaussian form, such as [~ °:°dx xe~ b op € o::oalx
x2e~ @ +bx wwhich can be evaluated by differentiating under the integral. For example: /* o::oalx

bZ
—ax+bx _ 4 po —ax’+bx _ b T o— 0 2 —ax? _ d poo —ax?+bx _ n
xe = — dxe = —,/=ew and dx x*e =—— dxe =./=.
db'/;‘x’ 2a a -Lw da'/;°° a3

A.7 Linear Algebra: Matrices, Determinants, Permanents,
and the Eigenvector

Multiplication

Matrices are a two-dimensional array of numbers: n — rows X m — column. A square matrix, such
as frequently encountered in quantum problems, is one where the number of columns and rows are
the same. An n X n matrix A is written as:

. a1,
A= + : (A.75)
App "0 Opy

The subscripts refer to the rows and columns, respectively. A square n X n matrix has order n X n
which is sometimes just n. Two matrices, A and B of order j X k and m X n can be multiplied together
if k = m to give a resulting matrix that is order j X n. Matrix multiplication is given by
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m m
ay o ag || by o b Zizlalibil Zizlalibin
s : : = : : (A.76)
e a b e b " a.b " ab
i1 im ml mn Zi:laﬁ i Zizlaji in

Three examples:

[1 4”1 6]=[1*1+4*2 1*6+4*3]=[9 18] (A.772)

3 512 3 3%1+5%2 3%6+5%3 13 33
1 6| _ _
[12]f, S[=[1*1+2%2 1x6+2x3]=[5 12] (A.77b)
1 of[4 1%4+6%5 34
[2 3] [5] = [2 *4 4 3% 5] = [23] (A.77¢)
Note that when a scalar multiplies a matrix, it multiples every term in that matrix:
1 6 3 18
ol - i

Determinants

The determinant of a square matrix is a scalar and is given by selecting any row or column in the

matrix, and for each element in that row or column, a;;, multiply it by (— 1)"" and the determinant of
the matrix formed by removing the row i and column j. As an example, we evaluate the determinant
of the square matrix A by removing the top row:

A o gy ) B 6 Ayt Gy

detA = =ap, —ay + .- (A.78)

a a

nl nn Apy 0 Opp Apy 0 Gpp

where the determinant associated with the multiplying factor out front, a;;, is missing the first
column and j*" row of the original determinant. The process is continued with each resulting matrix
until the final result is a scalar. This can be written more succinctly as:

detA= > (-1)Ya;M; (A.79)

iorj

M;; is the first minor of the a;; element and is computed by forming the sub-matrix of A by removing

row i and column j and calculating the determinant. Then (- M;; is called the cofactor of the
a; element.
For the matrix:

31 2
A=[4 2 3 (A.80)
2 51
the minor of A, (note that Ay, = a;, = 1, the second entry from the upper left) is

. 4 3
M,, = det [2 1] (A.81)
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So for the determinant of A:

31 2

wlt 3 33 A-at Zeaf Y
2 5 1
=3(2-15—4(1—10)+2(3 —4) = —5. (A.82)

The rank of a square matrix is the order of the largest sub-matrix with linearly independent rows
(columns). This corresponds to the largest sub-matrix with a non-zero determinant. In the case
above with the matrix of order three, corresponding to the determinant with value —45, since the
determinant is non-zero, the rank and order are both three.

The determinant is used to preserve exchange symmetry for fermions.

Permanents

The permanent of a square matrix is identical to the determinant except that there is no (-

factor. So in the case of Eq. A.82, switch the minus sign in front of the 4 in the first equality to a plus
e |t 2 1 2

sign: ie., =4, - 2 5

The permanent is used to preserve the exchange symmetry for bosons.

- +4

Adjoint, Hermiticity, and Unitarity
The adjoint of a matrix A is the complex-transpose of the original matrix. With the matrix A above

then the corresponding adjoint, AT, is given by

A= - : (A.83)

A At |
IfA=A I , then the matrix is Hermitian. If AI = A , then the matrix is unitary.

Vectors: Inner and Outer Products and Dirac Notation

A matrix V with a single column is an 7 X 1 column vector:

V1
V=|: (A.84)

V=[] (A.85)

In Dirac notation, the ket can be represented as a column vector. So for a three-dimensional
Hilbert space,

Vi
[VYy=1|wv, (A.86)
V3
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The bra is the corresponding complex transpose (row vector) of the ket. The inner product is similar
to a dot product and produces a scalar (a matrix of order unity) that can be complex.

V1
(W|V) = [w’l‘ W, w;‘] vy | = wivy + wivy + wivs (A.87)

V3

The outer product of two vectors of the same size is a square matrix:

2 nwp vwy  vw;
[VY(W] = [vy [[wi wh wi]=[wvaw; vow; vw; (A.88)
12 vawp o vawy  vaw
An arbitrary matrix can then be written out as
A=A 1 (A.89)
ij

where |i) ((j|) are unit vectors with 0’s in all the positions except position i (j), where there is a 1.

0,

. an ot G :
(lAljy=a;=00, - 1; = 0,1 + = ||} (A.90)

a, e Ay

0,

Example for an operator of order two:

(11AR) = 1 o][“11 “12][(1)]=[a11 alz][(l)]=a12 (A.91)

dy  Aap
For consistency in notation, we note that

Ay = (ilAlj) = a (A.92)

The Identity Matrix and the Inverse Matrix

The identity matrix has zero’s in all the positions except along the diagonal where it has ones. For
example for a matrix of arbitrary order,

1 0 0
I=fo 1 o (A.93)
0 0

Therefore, for any matrix A of order n,
Axl=I+«xA=4A (A.94)

where [ is the identity matrix of order .
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. A1
If A is a matrix with a non-singular determinant, then there exists an inverse matrix A  such
that

A—1
=A xA=1 (A.95)

A = l%lC (A.96)
where
|A| detA (A.97)

AT
and C is the transpose of the matrix of cofactors (see A.79 and discussion) where the cofactor of

the a;; element is again (— 1) "M, as discussed above. So for say a 4th order matrix:

ij>

1 4 7 5
A ~ 3 6 5 3 1 47
Coy = (=1)?4M,, = (=1)*** det =(=1)**-1 9 2
-1 9 2 7 2 4 8
2 -4 8 +
9 2 -1 1
—1[_4 8]—4[2 ]+7[2 4]—80+48—98—30 (A.98)
Finally, with C being given by
R it G
C=|: - (A.99)
Cn1 - Cnn
ar
1 A Al
JEERoou B (A.100)
A L Gm
4| 4]

The factor T was taken inside to emphasize that when a number multiplies a matrix, it multiplies
every element of that matrix (A.77d).

Cramer’s Rule for Solving n Linear Inhomogeneous Algebraic Equations in
n Unknowns
Suppose we have n linear equations in # unknowns:

allxl + a12x2 + -+ alnxn = bl

ar Xy + Ay Xy + :'" + ArpX, = bz (A,IOI)

anx;, + apx, + - +a,,x, =b,
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These can be written in matrix form by putting the coeflicients in a matrix and converting the
unknowns, x; and the right-hand side into vectors. Specifically,

an 4z - A || % b,
@ A G| | b (A.102)
01;1 Az o App I LXy b,

Or written more compactly:

AX=8 (A.103)

If one or more of the bs # 0, the set of algebraic equations is inhomogeneous. In this case, one
can derive Cramer’s rule, which says that the value of it entry of X (a column vector) is:

det A;
= —3i=1,..,n (A.104)
detA
where the matrix A, is formed by taking the matrix A above and replacing the it column with the
vector B.
For example

2 3| [x| _[-1
k-
det A = det [2 3] = (A.106)
1 4
1 3
. det
det A 3 4 _
i N e (A.107)
detA det 2 3 5
_1 4_
S
N det
det Az ¢ 71 3 | 7
_detd, L 17 (A.108)
det A det 2 3 5
_1 4_

The Eigenvector Problem

In the above case, a special case is had if

b, X1
bloaf® (A.109)
bl’l xn

In this case,

AX=AX =% (A.110)
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This is called an eigenvector or eigenvalue equation. Then X is the eigenvector and A is the

eigenvalue.
Then
0,
(A-aD)X = Of =0 (A.111)
0,
We rewrite this as
a;—4 a, a, X
I | - (A112)
an A v A, —Allx,

This is again a set of n equations in n unknowns but now the right-hand side is 0 and so the equations
are a set of homogeneous algebraic equations. In order for a solution to exist, the determinant of
coefficients must be 0:

a; — 4 a, a,
I T (A.113)
a, a,, e Ay — A

Solving this equation will yield » different values for A and requires solving an n** order polynomial.
We consider the case for two unknowns:

A= [‘CI Z] (A.114)

X = [2] (A.115)
and

[“:l df/l] [2 =0 (A.116)

We require that

a—2»1 b
c d—A

‘ -0 (A.117)
or

(a=)(@d—-2A)—cb=0 (A.118)
and after rearranging

A2 —(@+d)A+ad—cb=0 (A.119)
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Giving as expected two different eigenvalues,

Ay = % ((a +d)+ \/(a +d)’ —4(ad - cb)) (A.120)

The complete solution only gives one unknown, say x,, in terms of x, for each of two eigenvalues.
So, using the equation from above:

a—2, b x|
[ ] (A-12D
(a—24)x +bx, =0 (A.122)
or
Ay —
X, = xlM (A.123)
b
- x 1
X, = [ ] = x| (a=a) (A.124)
+ x2 T

Assuming that the eigenvalues are not degenerate (i.e., 4, # A_), each eigenvector is different. You

ok o
can also show that they are orthogonal;ie., X; -X; = 0.In quantum systems using Dirac notation,
it would be

1
X, = W) =x [(A—a)] (A.125)
b

and x; would be determined then by normalization:

X, = 1 (A.126)

2
1+ ((At_“)>
b

(AlA)) = 8 = +/— (A.127)
We note now that we have found that

AXy, = ., (A.128)
If we converted

~ N _ ﬂ'_‘_ 0

- A = [ ; /1_] (A.129)

then it is easy to show that

[’1(; /10 ])? 2, =AX, (A.130)
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where the prime represents the eigenstates for this form of the matrix; the corresponding eigenvec-
tors are

X, = [é] and X', = [(1)] (A.131)

So, we say the matrix A has been diagonalized.

Matrix Diagonalization

In the above example of solving the eigenvalue problem we found two eigenvectors of the original
~ ~l

matrix and then saw how replacing A with the diagonal matrix, A , the new eigenvectors were the
Al

unit vectors in that basis , meaning in terms of the eigenvectors of A . It is important to know how to

~ ~l ~
mathematically convert from A to A . For an arbitrary non-singular matrix of order n, A, we assume
that we have found the eigenvalues A; and the corresponding normalized eigenvectors X 2, such that

AX; = A,X;, (A.132)

Consider a square matrix where the columns are the eigenvectors,

$=[%), Xy, - X3 (A.133)
Then
AS=[0%, 4Ky, - 1,%,] (A.134)

We now form the adjoint of $, which you recall is the complex transpose of S:

~xT
X2,
T | g7
A A%
§ =8 =" (A.135)
~xT
ey
Then
~xT
X2,
- + Xs.<T
ARl A A AT A A A A A
STAS =8 AS=|"A | [NRy, LRy, - 4,5
T
X
~T A ~xT A P ~
X, WXy, X, Xy, o X 4,X, A4 0
T o T o T o 0 A - 0
= | XnhXa, X3, X, o X4 X 2T T T (A.136)
T o T ' T o 0 0o - A,

[k, A%, - 545,
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Where, by orthonormality

P PN

X/li /1kX/1k =0fori;ék (A.137)
and

A*T

X 4%, =2 (A.138)

Unitary Transformation

Consider an operator (e.g., a matrix), A. Then let U be a unitary operator (A.83 and discussion,

meaning 0 =0 ) of the same order as A in the same Hilbert space. Then a new operator,

A

B
AT
U

PNPON]
UAU , is the result of a umtary transformation of A. For example, let AX = AX. Since

AT

= UU = I, then inserting U U between A and X and then multiplying both sides by U,
we get

D

~ -~ AN

0 0% =10 (A.139)

=

Hence, since X is an eigenvector of A with eigenvalue A, then UX is an eigenvector of B = UAU
with the same eigenvalue. The same is also true for

PNIPN PNIPN

PPN
UA0UX=20%X (A.140)

. .o . atra L. . .
The transformation above from a matrix A to the matrix S AS, which is now diagonal, is also a
unitary transformation. It is easy to show that the magnitude of both eigenvectors is the same.
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Appendix B Power Series for
Important Functions

1

—— =1l4x+x2+- —1<x<1
1—x
1 _ x+3x2
Vitx 2 8
2
X
Vidx=14>—-"=+-
8
1 x2 o«
Cosx = —E+Z—-~
tanx—x+x3+2x5+
- 3 15
. 2 X
smx—x—§+§

2
=ldx+ o4

2 X x
n(l+x)=x—=—+=—=— 4. —1 1
n(l+x)=x 2+3 4+ <x<

Taylor series expansion of f(x) about a:

SO) =@+ @ (= a) + 2 @ — ) + -



Appendix C Properties and
Representations of the Dirac
Delta-Function

Definition:

/ dx f(x)6 (x — x¢) = f(x,)

—0o0

Identities:

8ax) = —5(x)

la|

Representations:

5(k—ky) = %f dx cos x (k — ky)
0

1. sina(k—kp)
O(k=kp) = 7 lim (k—ko)o

1. a
L v ko)’ + a2



Appendix D Vector Calculus and
Vector Identities

Cartesian coordinates:

o o I,
Kl P e
V-A= aA"+aAy+aAz
I dy 0z
L& f o

V= —=+ —+ —
f 0x2 ~ dy* 0z2
Cylindrical coordinates:

af 1af of .
Vf= pago +§

_16pAp 104, v, 0A.
Tp 9 pdp Oz

2o 19 6f+162f 6_2f
pap op p?0¢? 9z

Spherical coordinates:

f 10f 4 1 of,
Vf= dr +r669 rsin@%qp
lﬁrzAr_l_ 1 9(sinBAg) 1 5&
rz Or rsinf 06 rsin@ d¢

L1 of 1o
V= r2 6r 6_r + r2sin @ 59 sin 659 125in26 092
2 2
18 1 anodf 1 9f
T or 72sin6 59 a6 rzsinze 92

V-A=

Divergence theorem:

f de-A(x):f ds#1- A(x)
Volume Surface

Stokes’ theorem:

f df-A(x):f dsii-VXA(x)
Volume Surface



Appendix F Maxwell's Equations in
Media, the Wave Equation, and Coupling
of a Field to a Two-Level System

In general, Maxwell’s equations describe the behavior of the electromagnetic field. Of interest here
is to show how the observables that were calculated in the text relate directly to Maxwell’s equations.
For this discussion, we assume that the field generated is classical though the source is an ensemble
of quantum systems. The charge and the electric dipole related to the displacement of the charge
are central to Maxwell’s equations. The electron spin is another quantum system that also couples
directly to Maxwell’s equations through the magnetic field. The discussion is nearly parallel.

We start by writing down Maxwell’s equations in their most general form:

3B
E+— = Fl
7% + 3 0 (E1)

4D
VxH—E—I (E2)
V-B=0 (E3)
V-D=p (E4)

In the above, J is the current density and p is the charge density. Charge is conserved by the
continuity relation given by:

dp
V4o =0 (E5)

The constitutive relationship between D and E is

D=¢E+P (E6)
and between B and H is

B = uoH + oM (E7)
where P is polarization per unit volume (corresponding to charge displacement), M is the mag-
netization per unit volume (corresponding to the magnetic field resulting from extrinsic and
intrinsic angular momentum), &, & 8.85 x 10™'? farads/meter the permittivity of free space, and

Mo = 1.2566 X 10~ ° henries/meter is the permeability of free space.
For a single charge, the source terms become

p(r,t)= q‘l,b(r, t)|2 (E8)
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The quantum current is

j= _% W* (1, ) Vb (1, ) — 3 (1, ) V* (1, ) (F9)

In bulk media, however, with N being the number of quantum systems per unit volume, the
polarization is

P(t) = gN(@ (r, 1) [r[3p(r, 1)) (E10)

and the magnetization is
M = LN ) I, ) (E11)

The angular momentum, f in Eq. E11, is intended to be general here, meaning that if the magnetic
moment is due to intrinsic spin, it would be § and there would be a corresponding g-factor).

Here we are interested in the electron described by a two-level Hamiltonian. Hence, we focus
just on P(t) = gN (¥ (r, t) |r|3 (r, 1)) and set the other source terms to 0. Maxwell’s equations then
become

OB
VXE+§—O (E12)
1 6E opP
B=0 (F14)
E=0 (E15)

Combining with the curl equation, we get

1 0%E o’p
VXVXE+ = — = —ly— El6
23e = Hae (F16)

Assuming that the vector components are in the Cartesian coordinate system, then VX VX E =
VV-E— V’E = —V’E since V - E. Substituting this result, we get a wave equation,

2 2
2y LOE_ P

b :“OW (F17)
with
P=N{(u)=¢xE (E19)
and
() = Trup = (12021 + H21P12) (F.20)

where p is the density matrix operator in Chapter 18 and y is the electric susceptibility.
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To see the implication of the field-induced polarization and ignoring the vector nature of

the field as well as the transient response, we have from Chapter 18 that f, ~ E(2)e*=@t and
P12 ~ E¥(2)e "+t Ifwe set P, = N,0, and P_ = Nuy, A, then we can write P as
P, =&, (xr + ixp) E(2)e! (E21)

If the field amplitude, E(z), varies slowly on the scale length of a wavelength, then we can ignore
2

terms in the wave equation that go like :—E(z) (there is no dependence in the field amplitude on x
z2

or y for a transverse plane wave). We can then write the wave equation (Eq. E17) in the form

2 2
(—k2 + %) E(z) + ik%E(z) = —% O + ixn) E(2) (E22)

Setting imaginary and real parts equal to each other, we get two equations:

2 2
(_kz N ‘:’_2> = -Z ki (E23)
and
d w?

where the first equation represents the linear dispersion relation with

2 w?
B== 4w (F25)
k= n% (F26)

where n2 = (1 + ) is the index of refraction (the ratio of the speed of light in vacuum to the speed
of light in the medium)
The second equation can be solved as

E@)=E(z=0)e " (E27)

where the absorption coefficient (gain if it is negative) is

2w? 2w
A== (E28)

To see how to relate the absorption cross section to fundamental parameters in the density

matrix, we start with Eq. £20 and use the density matrix from Chapter 18 using first order
perturbation theory. From the density matrix,

. 1 (dp . Ee~@!
gy = %[H’P]m - l(d_fl)d . = (wg — iy) po1 — MZIT (P11 — P22) (E29)
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Take for p,; in the field interaction picture:

P2 = Pre (E.30)
Then
. L E
WP = WoPy1 — Y P21 — Mzz_;l (P11 — p22) (E31)
E
P = el (o11 — P22) (E32)

T 20 [(w — wp) + iy]
At low power, p;; — 05, = L.

- Moy E

P = @ — ) + 7] (39
and so (to first order in E, linear response)
P, = —Nm[(cff‘j—m (E34)
From this,
a= 2—0)2)(1= z—w)(IENO' (E35)
2k c

where o is the cross section for absorption and is defined by this relationship. Since this is linear
theory, we use the phasor e™™’ as used in the Maxwell equation work and the quantum work, and
we have for the prefactor to the phasor,

5 . 2 < Piobor E Bz E [(w = wy) = iy]
P, =¢ +iy;)) NE = =—————-N=— N (E36
+ =& +ix) H12P21 20 (@ — wy) + 7] o [(a) _ coo)2 + )/2] (E36)
= Mlzﬂzlyz N = Mlzﬂzlyz N = l;zlizl NL (A) (E37)
2%, [(a) —wy) + yz] 27, [(a) —wy) + y2] 14
where £ (A) = ———— Finally, from the form for a above,
[(w—wo) +72]
_ QX _ M@ _ . Amrpro
c=2 N 2—2h€06y L(A) = agg————L(4) (E.38)

where the fine structure constant is

62

_ F
4meyhc (£39)

s

Note that there is a correction factor of order unity in Eq. E38 associated with the radial matrix
elements in the last expression discussed in Appendix G. The fine structure constant is dimensionless

and is approximately apg ~ ;17 The dependence on the fine structure constant is frequently cited
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as a hall-mark of optical interactions and it reflects the intrinsically weak interaction between light
and charged particles. However, at resonance,

47 w
o, = aps% (E40)

In the absence of pure dephasing,

1 1
Y= E-Fsp.em. = EA (F41)

where A is the Einstein A-coefficient, or the inverse radiative lifetime.

_ éezrlzrua)3 _ §‘75Fsr12"21a’3

= = F42
3 4meyhcd 3 c? (F42)
Substituting into the cross section at resonance,
6mct 6w 3 .,
D= T e T E/l (E43)

There are many important results here for real device studies; however, an important piece of
fundamental physics that impacts technology is the following.

In quantum electrodynamics a famous result is that electromagnetic radiation interacts with
charged particles only weakly, resulting from the fine structure constant. This is misleading when
the transition is a resonance and the transition is lifetime broadened. Just for comparison, for the
optical wavelength, g, ~ 10~'* square meters, but for scattering from a free electron (no resonance,
Thompson scattering) o ~ 107 square meters.
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