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ORTHO GONAL PROJECTION
Definifion Let W be o subspace of an ihner product space V

and beV. Suppose thot FaeV, such +hat

chn oy ed Ha .
Then the vector @ Is wlled the orthogonal prepection of b on W.
oy Vechor in V' has on orfhogenal pejectien on W

%@n fte mapping = Thad CDWQ‘SPONB aery vector of |/ ta

HB Oﬁ\f\scaongd P(Dj/ECHOn) Is called
A
~ .
3 ?K'g/

or‘fhocaano;[ ,P(buTecHon b D’r \V orn W.




.z

f(h@oxrgm let W be a 5hffe-~ofim8m(‘0na( gubgpme of &n (nner

Pfocéucfr Space\/ and (et be\/. SC&PP@;@/ ‘Han E (S the
orfhogonal protection of Von W Then fhe mapping L-E
Ge. b A5 p-Eb) s The ortrogonal propechion of V on W3

whae T 15 the identtty Mapping.

fost Lef ¢ be an arbipany viedksr of Wt

il SCPFC(?@VTL 1o show that
(b -Cb-ER ¢ llb-cll, YeeW

[ halds thed,




12 3
[o-<l® = | Eb-Eb +b—<® = | b + (b-Ee-O?
- |Ebl®+ Re<Eb, b-Eb<> + | b-Eb-<
Bt b-EbeW' and <eW' so b-Bb-c eW!
Hence  Eb L b-Eb—c ond 5o <Eb, b-Fb-c>=0.
This [ =g |2 = [EBI%+ 1 b-Eb-<l® = IEB)S= b +Eb-LIF =
lb—cl® % b ~(b-EL|E = Ib-(b-EBP < Ib-<[? =
Io- G-l < Ib-cll) YeeW?
Lo he vedor b-Eb s the orthagonal projection of V on W
LT

=
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Theorem Let W be o fintte-dimensional supspae o an inner
P}foéuCF Space V. Lot E be the Orl“h;ogcn&j P@)“‘échbn of Von W
“Then the %O[ Owing Stafements cre Lrue:
(D E22E (e E [san idempstent maDP0:3>
() E s a linear mapping
(") The subspace W™ [y nall spqce Ckernel) of £
(V) V= WeWw*
’_(P'\rocf)k Q) Let ceW. Then Ec=¢ . Thus BE(E)=Ec and so
E°c = Ec.

(i) Let 9;1>9;2<’\/ and C_i,C_géF where b s a Held Then
1 15 saficent 0 show theat

F(Ga+<%a) ~Fa, * g Eg
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S Qc?ufm[%”ﬁ - CCJ_EED[} Ex), €2 =0 \7L§_é\/\/.

i G140

Indeed G2 te%h™ (c.Ea 9 +GE2)= Q@+ %%y - kg - 3[@

- ¢ 2,-6 P Y go G lo = g (@R + < (gy-Foe)
BWL a,-Fa, e W' and as-EaeW* Hene < (gEa)+ o(ce-Ea, )C\/\/‘L

(H> LQ’(' bé\/\/—L *’(’h@ C(b ,$O = O BVCQQ\/\/ M%Wm@r@ <h Eb C>-O VCGW
RMQ ‘H\e beﬂt COPP@@’MO?HDV\ uunque wo qu b b Eb 77:5

=

Thaetore the subspace W' 8 Hhe null space Tns E .
Gv) lot a<cV. Then g=FEa +a-Eg = Ea +(QBEQ> = V=W+W"

| 3d 0 we
duppose Ihat 3xeWNW* gnd x#0
Since xeW and xe W <xx>=0=>Ix[P<0=llxllFO = x=0.
which 1s o ontedicion. Therefore e WO V\/“L:{Q§ '~ a
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Theorem let W be o Hnite-dimensional Subspace of em inner
EroduaL space V. [of T-E be the oqua%@naj ijemﬁbq oF V on W
{/\@) lhe qLollowng Statements are Hue.
(). <’_’L~E—'}g I-E (te 17k (s an Idempotent m@{)p ng).
‘) I-F 5 a lhesr mopping.
(@) The ubspace W I the null Mase By Arh

Proo}. () CL'E>9' = (I-EYCT-E)
= IQ~ E"’E '+’ EQ'

e, ——E-)Z/-UE/

ol I’E
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(((> We know fH’\glL I 15 a “ necur YY\&PPM%_
We pmvzecb( thet £ [ @ neay Mapping -
HG\QC@ T-E will be @ linear Mmapping, too.

() (T-BE)b-0= b-E @
= Eb
b < W

Theredore Woois Hhe nd| S poxce of 1°E.

1)

||
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Exomple let V=R and W be a subspace of V Jhat
'y Spahnﬁd bg) ~ULe vecksr Q= CBZ 2 -1

o) Find the Or%aciohsﬂ pmj“echbﬂ E oV on W

£ Eind the Oﬁhbgoncd complement W+ |

2 Fird he dimenston of W.

Yoletion g or o ol be an ocrbf%ra@ veetor of eik~
Then the orthogonal pefection of x On ks

O I S SX‘FMQ&"KQ i BXT'{”(.Q@:?(
lalF = ° Faemar bl e N

Exe

)

i < Px, 4365 3% Wk tg g "3><4~42>§—1-><5>
. 154 : 154 ’ 154
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(6) Ex-0 = 75';;@;956@3@, oxtheg iy —3n~2g+x)=0
ex T36e-3x, =O

= 3 Hebg1g = O | "IN (Dt =0

-3y gty =0 -

Thus . .

W™ = "LCX_M\%;&Q QI(R% | — % - /[9,23-@ Xq=0 S

= iCXi,?gu SX@""@Z@_}[ \6_54‘62%[;& }

=% (L0 D+ 0, 1, 1) | 3 %eR]
(C> W-@ obtain d[m\/\/J': 9 . Theredore

dim R < dimW+ dimy=* =

3 = dimv+
AimW =

|
\\]/l
L]
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Alferratively , we culd fiod the space W and the dimension of W
Ta ‘H\&S ehﬂ) we ©nsida— an Orbi‘%@ vector ij_ :(9“92’%) OJE V= RS‘

fhen (I >g=9=>lg-Eg=Q=> BPEQ:O =>

Moy, -3q 3,50 | o364 39 =0 ] My -3y s

=6y, H04 +ly, = O r=> =39, +10g, + 129 =0 \r = 364 +10g_ +2y=0 [
+ <40 +5/y = | = mihy o _

39t ol =0 - g9 #919,=0 Y= =%, -519=0
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4/(5@%{5')(53) 365;595: O *5805/[ ?3?533“56:@* 3%3 =0
—g (~492~51(33)+ 5‘(5;63;0 = ?%; A8y, + By, + 6y,=0 >
‘ﬂ\:-'zf(jg; 51(3\5 9:, ‘:-492-54g5 |

- 6l64, - }399% =0 1:8 7 y, T 794 4, =0 [ 71 y, + /Qg =0
;L;Lq-e?%gio => 77y +9%g =0 [ 7 © ’ j“"\”
J 5 2 > g, = ——4%-—5795

§=- 49~ Py, 4=~ F9g=5ly,
=y, = =4y ) Sy, = -3 Yp==12g, , g,eR. Therefore
Y. M | 72 3
=10 806 | g = -3y, 0ty 5= {C3, R, 0)<R |y e

= {C <’31—Ql0 \ CQ’”Z(S [ HQHL& (‘)ll‘m\/\/:d |
ond so C&‘m\(\/i‘: 3-1=9




