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Definition
Consider a vector space V and let a,b eV .

Then a, b are called orthogonal vectors iff

<a,b>=0

Definition
Consider a vector space V and let S be a subset of V such that S = {al,az,...,an} where a, €V,

fori=12,...,n.
Then S is called orthogonal set iff
<a,;,a, >=0, Vi,aj eS.

Furthermore S is called orthonormal set iff
it 1s an orthogonal set and

HEHZI’ vﬁes.
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Theorem
Consider the vector space V and let S be a subset of V such that S is an orthogonal set of non
zero vectors. Then S is a linearly independent set.

Proof
Let S = {ﬁ’aw""an}' Then we have

Aa+Aa +..+4a =0=
A <a,a, >+4,<a,,a >+..+4 <a,3 >=0=

0+..+4 <a.,a >+..+0=0=>

Ao =0, vke 1.2,..m;

Therefore 4, =4, =...= A4, =0, 1.e. the set S is linearly independent.



Lecture 9: Orthogonal vectors

\

Example
Consider the Euclidean vector space R* with the inner product

A
[
[en

V

[l

M-
QD
O

where a=(a,, a,)e R’ and b=(b,, b,) e R®.

Then every vector
X= (Xp Xz) eR’

will be orthogonal to the vector
X'=(=X,, X)) € R®.
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Example
Consider the Euclidean vector space C[0,1] with the inner product

<f,g>=jf(t)@dt

where
f ()= \/Ecos(Znﬂt),
g, (t) = /2 sin(2nzt).

Show that the set
L1, e, g, .}

Is an orthonormal set of vectors.
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Solution
It holds that

cos(a+Db)=cosacosb—sinasinb

cos(a—b)=cosacosb+sinasinb
2cosacosb =cos(a+b)+cos(a—b)
2sinasinb =cos(a—b)—cos(a+Dhb)

sin(a +b) =sinacosb+sinbcosa

sin(a—b) =sinacosb—sinbcosa
2sinacosb =sin(a +b) +sin(a — b)
2sinbcosa =sin(a +b)—sin(a—Db)

».. l+cos2a . 5. l—cos2a

cos"a=———, sin"a=
2

sin2a =2sinacosa
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1
<1, f >= I 1-/2 cos(2znx)dx = ﬁ[sin(znnx)]lx_o dx =0.
) 2Nz B
1
<1,g,>= J-l /2 sin(2znx)dx = %[—cos(bznx)]io dx =0.
. ,
0

1
< fn 0, >= J‘\/E COS(27Z'nX) : \/5 SiIl(Zﬂ'ﬂX)dX
0 1 1 1
= Z.([Zsin 2(2znx)dx = m[—cos(mznx)]i(zo dx =0.

1 1
<f.,g, >= j J2 cos(27nX) -~/2 sin(2zmx)dx = j [sin2(n +m)zx) —sin 2(m —n)zx)]dx
0 0

1
S 2(h+m)z

1
2(m—n)x

[—cos2(n+ m)ﬂx]lxzo — [—cos2(m - n)”X]IX:O =0.
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1
<f, f >= .[x/zcos(27znx)-\/§cos(27zmx)dx
0

= [[cos2(n+m)zx) +cos 2(n —m)zx)] dx

|
2(n+m)x

1
2(n—m)x

[sin2(n + m)ﬂX]iZO +

[sin2(n - m)ﬂ'X]LZO =0, forn=m.

1
<g,,0, >= J2 sin(27znX) - J2 sin(2zzmx)dx

0
1

= [[cos2(n+m)zx) - cos 2(n —m)zx)] dx

= ! [sin2(n + m)7zx]1_ —~
2(n+m)zx *=0

1
2(n—m)x

[sin2(n - m)ﬂ'X]iZO =0, for n=m.
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1
<1,1>=j1-1dx=1

1 1
<f, f >= _[\/Ecos(27znx) : \/Ecos(27znx)dx = 2J‘ cos’ (27nx)dx
0 0

1 1
— Z%£(1+cos4n7zx)dx = [X+$sin4nﬂxl_o =1.

1 1
<g.,g, >= j J2 sin(272mx) - /2 sin(2zmx)dx = 2 j sin® (2zmx)dx
0

1
J 1 cos4n7zx dx = [X—Lsin4n7zx} =1.
Z dnrx =0

Therefore S 1a an orthonormal set of vectors.



