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Definition 
Consider a vector space V and let ,a b V .  
Then ,  a b  are called orthogonal vectors iff  
 

, 0a b   

 
 
Definition 
Consider a vector space V and let S be a subset of V such that  1 2, ,..., nS a a a  where ia V , 
for 1,2,...,i n .  
Then S is called orthogonal set iff  

, 0i ja a  , ,i ja a S  . 

Furthermore S is called  orthonormal set iff  
it is an orthogonal set and  
 

1,  i ia a S   . 
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Theorem  
Consider the vector space V and let S be a subset of V such that S is an orthogonal set of non 
zero vectors. Then S is a linearly independent set.  
 
Proof  
Let  1 2, ,..., nS a a a . Then we have  
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Therefore 1 2 ... 0n      , i.e. the set S is linearly independent.  
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Example  
Consider the Euclidean vector space 2  with the inner product  
 

2

1

, i i
i

a b a b


   

 
where 2

1 2( ,  )a a a   and 2
1 2( ,  )b b b  .  

 
Then every vector  

2
1 2( ,  )x x x   

 
will be orthogonal to the vector  

2
2 1( ,  )x x x    .  
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Example  
Consider the Euclidean vector space  0,1C  with the inner product  
 

1

0

, ( ) ( )f g f t g t dt    

 
where  

( ) 2 cos(2 )nf t n t ,  
( ) 2 sin(2 )ng t n t .  

 
Show that the set  

 1 1 2 21,  ,  g ,  ,  g ,  ...f f  
 
Is an orthonormal set of vectors.  
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Solution  
It holds that  

cos( ) cos cos sin sina b a b a b    
cos( ) cos cos sin sina b a b a b    

2cos cos cos( ) cos( )a b a b a b     
2sin sin cos( ) cos( )a b a b a b     

 
sin( ) sin cos sin cosa b a b b a    
sin( ) sin cos sin cosa b a b b a    

2sin cos sin( ) sin( )a b a b a b     
2sin cos sin( ) sin( )b a a b a b     

 
2 1 cos2cos

2
aa 

 ,    2 1 cos2sin
2

aa 
  

 
sin 2 2sin cosa a a  
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 
1

1

0
0

21, 1 2 cos(2 ) sin(2 ) 0
2n xf nx dx nx dx
n

 
 

     .  

 

 
1

1

0
0

21, 1 2 sin(2 ) cos(2 ) 0
2n x

g nx dx nx dx
n

 
 

      .  

 
1

0

, 2 cos(2 ) 2 sin(2 )n nf g nx nx dx     

2
1
2

 
1

1

0
0

1sin 2(2 ) cos(4 ) 0
4 x

nx dx nx dx
n

 
 

   .  

 

 
1 1

0 0

, 2 cos(2 ) 2 sin(2 ) sin 2( ) ) sin 2( ) )n mf g nx mx dx n m x m n x dx            

   1 1

0 0

1 1cos2( ) cos2( ) 0
2( ) 2( )x xn m x m n x

n m m n
 

  
      

 
.  
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1

0

, 2 cos(2 ) 2 cos(2 )n mf f nx mx dx     

 
1

0

cos2( ) ) cos2( ) )n m x n m x dx      

     1 1

0 0

1 1sin 2( ) sin 2( ) 0
2( ) 2( )x xn m x n m x

n m n m
 

  
    

 
,  for n m .  

 
 

1

0

, 2 sin(2 ) 2 sin(2 )n mg g nx mx dx     

 
1

0

cos2( ) ) cos2( ) )n m x n m x dx      

     1 1

0 0

1 1sin 2( ) sin 2( ) 0
2( ) 2( )x xn m x n m x

n m n m
 

  
    

 
,  for n m .  
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1

0

1,1 1 1 1dx     

 
1 1

2

0 0

, 2 cos(2 ) 2 cos(2 ) 2 cos (2 )n nmf f nx nx dx nx dx        

2
1
2

 
11

00

11 cos4 sin 4 1
4 x

n x dx x n x
n

 
 

       .  

 
1 1

2

0 0

, 2 sin(2 ) 2 sin(2 ) 2 sin (2 )n nmg g mx mx dx mx dx        

2
1
2

 
11

00

11 cos4 sin 4 1
4 x

n x dx x n x
n

 
 

       .  

 
Therefore S ia an orthonormal set of vectors.  

■ 
 


