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Proposition  
We consider the following n n  square matrix  
 

11 1

1

n

n nn

a a

a a

 
 
  
 


  

  
 

where , 1 , 1ija i n j n     are real constants.  

Assume that A has the discrete eigenvalues 1 2, ,..., n   .  
Then there exists an invertible matrix Τ such that  
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   


. 

 
The i-th column of the matrix Τ is an eigenvector which corresponds to the eigenvalue λi.  
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Application  
Applying previous proposition we can compute the matrix ,mA m , where A is an n n  
matrix which has discrete eigenvalues, Indeed, from the previous proposition we obtain that  
 

1 1 1 1 1( ) ...m m mB T AT T ATT AT T AT T A T       . 
Therefore  

1m mA TB T  . 
But, since it is known that 
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we get that 
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Example 2.1  
Consider the matrix 

1 1

2 4
A

 
 
 

.  

 
a) Find the eigenvalues and the eigenvectors of the matrix A.  
b) Find a matrix T so that the matrix T-1AT be diagonal.  
c) Compute the matrix ,mA m .   
 
Solution: 
a)  We create the matrix 

 
1 1

2 4
A I





  

   
 . 

Then from the characteristic equation 
 

2(1 )(4 ) 2 5 6 0A I              

 
we obtain the eigenvalues 1 22, 3   .  
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We will find now the eigenvectors which correspond to these eigenvalues.  
 
Let 1 2  . We consider the homogenous system ( 2 ) 0,A I x 


 that is  

 

1

2

1 1 0

2 2 0

x

x

      
    

    
 

 
which leads to 1 2 0x x  . We set 1 ,x c c  .  
 
Therefore the eigenvectors which correspond to the eigenvalue λ1 = 2, are of the form  
 

  'x c c 


.  

 
We select the eigenvector  

 1 1 'x  


. 
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Let 2 3  . We consider the homogenous system ( 3 ) 0,A I y 


 that is  

 

1

2

2 1 0

2 1 0

y

y

      
    

    
 

 
which leads to 1 22 0y y  . We set 1 ,y c c  .  
 
Therefore the eigenvectors which correspond to the eigenvalue λ2 = 3, are of the form  
 

 2 'y c c 


.  

 
We select the eigenvector 

 1 2 'x  


. 
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b) We define the matrix  
1 1

1 2
T

 
    

.  

We find its inverse matrix T-1 that is  

1 2 1

1 1
T   

    
. 

Hence 

1 2 1 1 1 1 1 2 0

1 1 2 4 1 2 0 3
B T AT      
               

. 

c) We have 

1 2 0

0 3

m
m m

m
B T A T  

   
 

 

Therefore 

12 0
,

0 3

m
m

m
A T T m 

  
 

 . 
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Example 2.2  
Consider the matrix 

3 1 2

4 2 6

2 2 5

A

 
     
 
 

.  

 
a) Find the eigenvalues and the eigenvectors of the matrix A.  
b) Find a matrix T so that the matrix T-1AT be diagonal.  
c) Compute the matrix ,mA m .   
 
Solution: 
a)  We create the matrix 

 
3 1 2

4 2 6

2 2 5

A I


 



 
       
  

 . 
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Then from the characteristic equation 
 

(3 )(( 2 )(5 ) 12)A I            
( 20 4 12)     
2( 8 4 2 )      

 
(3 )( 1)( 2) 0       . 

 
we obtain the eigenvalues 1 2 31,   2,   3     .  
 
We will find now the eigenvectors which correspond to these eigenvalues.  
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Let 1 1  . We consider the homogenous system ( ) 0,A I x 


 that is  
 

1

2

3

2 1 2 0

4 3 6 0

2 2 4 0

x

x

x

    
           

    
    

.  

 
We set 3 ,   x c c  . Then we get the system  
 

1 2 1

21 2

2 2 0

22

x x c x

x cx x c

   
     

 

 
Therefore the eigenvectors which correspond to the eigenvalue λ1 = 1, are of the form  
 

 0 2 1 'x c 


.  

where c R . We select the eigenvector  
 0 2 1 'x  


. 
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Let 2 2  . We consider the homogenous system ( 2 ) 0,A I y 


 that is  
 

1

2

3

1 1 2 0

4 4 6 0

2 2 3 0

y

y

y

    
           

    
    

.  

 
We set 2 ,   y c c  . Then we get the system  
 

1 3 1

31 3

2

02 3 2

y y c y c

yy y c

    
    

 

 
Therefore the eigenvectors which correspond to the eigenvalue λ2 = 2, are of the form  
 

 1 1 0 'y c 


.  

 
where c R . We select the eigenvector  

 1 1 0 'y  


. 
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Let 3 3  . We consider the homogenous system ( 3 ) 0,A I x 


 that is  
 

1

2

3

0 1 2 0

4 5 6 0

2 2 2 0

z

z

z

    
           

    
    

.  

 
We set 3 ,   z c c  . Then we get the system  
 

2 1

21 2

2

2

z c z c

z cz z c

  
     

 

 
Therefore the eigenvectors which correspond to the eigenvalue λ3 = 3, are of the form  
 

 1 2 1 'z c 
.  

 
where c R . We select the eigenvector  

 1 2 1 'z  
. 



Lecture 2: Matrix diagonalization 
 

13 
 

b) We define the matrix  
0 1 1

2 1 2

1 0 1

T

 
    
 
 

.  

We find its inverse matrix T-1, using row transformations to the following augmented matrix  

 
13 210 1 1 1 0 0 1 0 1 0 0 1 (2)

~ 2 1 2 0 1 0 2 1 2 0 1 0

1 0 1 0 0 1 0 1 1 1 0 0

H H

T I

   
         
      

    

 

32 131 0 1 0 0 1 (1) 1 0 1 0 0 1 ( 1)

0 1 0 0 1 2 0 1 0 0 1 2

0 1 1 1 0 0 0 0 1 1 1 2

H H    
   
   
      

   

 

 1

1 0 0 1 1 1

0 1 0 0 1 2 ~

0 0 1 1 1 2

I T 

   
 
 
 
 

. 
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Thus  

1

1 1 1

0 1 2 .

1 1 2

T 

   
   
 
 

. 

Hence 

1

1 0 0

0 2 0

0 0 3

B T AT

 
    
 
 

 

c) We have 

1

1 0 0

0 2 0

0 0 3

m m m

m

B T A T

 
    
 
 

 

Therefore  

1

1 0 0

0 2 0 ,

0 0 3

m m

m

A T T m

 
   
 
 

 . 


