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We consider the following n x n square matrix
dy - 4q
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where a;, 1 <i<n, 1< j<n are real constants. We call characteristic equation of the matrix 4

the equation
[4-21|=0,

where [ is the n x n 1dentity matrix and A € R. The roots 4,,4,,..., 4 of the characteristic
equation are called characteristic values or eigenvalues of the matrix 4. Let 4, be an

eigenvalues of 4. We consider the
(A-A1)x=0

which has non-zero solutions since ‘A — Al ‘ = (0. Then any solution X of this homogenous system

will be called characteristic vector or eigenvector which corresponds to the eigenvalue A..
Each eigenvector span a space which is called eigenspace.
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Proposition
The matrices 4 ko1 A have the same eigenvalues (A4’ is the transpose matrix of A).

Proposition
If 1,,4,,...,4  are eigenvalues of the matrix 4 and £ 1s a real constant,

then the values kA,,kA,,...,kA, will be eigenvalues of the matrix k4.

Definition:
A matrix A4 1s called orthogonal if 44'=1.

Proposition
If A is an eigenvalue of an orthogonal matrix 4,
then the value 1/4 will be eigenvalue of the matrix 4.
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Example 1.1
Consider the matrix

Find:

the eigenvalues,

the eigenvectors and

the dimensions of the eigenspaces of A.

Solution: We consider the matrix
6-1 -3
(A-A1)= .
3 12-2

Then [4-A1|=(6-2)12-2)+9=27-181+81=(1-9)".
From the characteristic equation ‘A — Al ‘ =(1-9)=0.
we obtain the eigenvalue A = 9, which has multiplicity 2.
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We will find now the eigenvector and the dimension of the eigenspace which correspond to
this eigenvalue.

We consider the homogenous system (4—91)x =0 that is the system

=3 =3\(x) (O

3 3 )\x,) (O
Thus we get x, +x, =0. We set x, = ¢, c € R. Therefore the eigenvector x which corresponds to
the 1 =9 is of form X =(—c ¢)' where ceR.

b) Since X =c(—1 1)' it is obvious that the dimension of the eigenspace which correspond to
this eigenvalue 1s equal to 1.
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Example 1.2

. Find:

(NS RS I\
N = =

2
Consider the matrix 4= 1
1

the eigenvalues,
the eigenvectors and
the dimensions of the eigenspaces of 4.

Solution: We consider the matrix

2 2 1 1 0 0y (2-2 2 1
(4-21)=|1 3 1|-2{0 1 0|=] 1 3-21 1
1 22) (001 1 2 2-2

Then [A-AI|=(2-A)((B-A)(2-2)-2)-2(2-A-1)+(2-3+ ) =—(A-1)*(1-5).
From the characteristic equation|4 — A/|=—(A —1)*(1—5) =0 we obtain the eigenvalues
A, =1, which has multiplicity 2,

A, =5, which has multiplicity 1.
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We will find now the eigenvectors and the dimensions of the eigenspaces which correspond
to these eigenvalues.

For |4, =1 we have the homogenous system (A4—1/)x = 0 that is the system

X

1
1
1

[\ NS I\
o O O

1
L x, |=
1)\ x,

Thus we get x, +2x, +x,=0. Weset x, =¢, x, =d, c¢,d eR.

Hence x, =-2c¢—-d, x, =c, x;=d, c,d eR.
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Therefore the eigenvector X which corresponds to the A =1 1s of form

X z(—ZC—d c d)'
that is
X=c(-2 1 0)+d(-1 0 1)
where ¢,d e R.
Thus the corresponding eigenspace is

Vi={c(-2 1 0)+d(-1 0 1): c,deR}.

Since the eigenspace V| is spanned by two linearly independent vectors, the dimension of the
eigenspace is equal to 2,
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For |4, = 5| we have the homogenous system (4 —5/)x = 0 that is the system

=3 2 1)y 0
1 =2 1|y |=|0]
1 2 3Ny 0

Applying the Gauss-Jordan elimination method we have

3 2 1]|0\H,(1 =2 1]0)\H,(3)
(A—51|6)= 1 =2 11]0|~|-3 2 1]0| ~
1 2 -31]0 1 2 =3|0JH, (-]
1 -2 1 |0\H,(-1/4)(1 =2 1 |0Y\H,2) (1 0 -1
0 4 4|0 ~ o 1 -1]0| ~ |0 1 -1
0 4 —-410 0 4 -4|0/H,(-4)\0 0 0
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— . =0
we get the system{y1 Vs
y,—y;=0

Weset y,=c, ceR.Hence y, =c, y,=c, ceR
Therefore the eigenvector y which corresponds to the 4,= 5 is of form
)7:(0 c c)', ceR
Thus the corresponding eigenspace is
V, ={c(1 1 1)': CER}.

Since the eigenspace V; is spanned by one vector, the dimension of the eigenspace is equal to 1.
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